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ON DEGENERATIONS OF SURFACES
A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA
Abstrat. This paper surveys and gives a uniform exposition of results ontained in [7℄,
[8℄, [9℄ and [10℄. The subjet is degenerations of surfaes, espeially to unions of planes.
More speially, we dedue some properties of the smooth surfae whih is the general bre
of the degeneration from ombinatorial features of the entral bre. In partiular we show
that there are strong onstraints on the invariants of a smooth surfae whih degenerates to
ongurations of planes.
Finally we onsider several examples of embedded degenerations of smooth surfaes to
unions of planes.
Our interest in these problems has been raised by a series of interesting artiles by Guido
Zappa in 1950's.
Contents
1. Introdution 1
2. Reduible urves and assoiated graphs 7
3. Zappati surfaes and assoiated graphs 10
4. The ω-genus of a Zappati surfae 19
5. Degenerations to Zappati surfaes 23
6. Minimal and quasi-minimal singularities 26
7. Resolutions of the total spae of a degeneration of surfaes to a Zappati one 34
8. Combinatorial omputation of K2 41
9. The genus of the bres of degenerations of surfaes to Zappati ones 53
10. The Multiple Point Formula 58
11. On some results of Zappa 65
12. Examples of degenerations of surfaes to Zappati unions of planes 69
Appendix A. Normal, Cohen-Maaulay and Gorenstein properties 76
Referenes 82
1. Introdution
This paper surveys and gives a uniform exposition of results ontained in [7℄, [8℄, [9℄ and
[10℄, where we study several properties of at degenerations of surfaes whose general bre is
a smooth projetive algebrai surfae and whose entral bre is a redued, onneted surfae
X ⊂ Pr, r > 3; a very interesting ase is, in partiular, when X is assumed to be a union of
planes.
Mathematis Subjet Classiation (2000): 14J17, 14D06, 14N20; (Seondary) 14B07, 14D07, 14N10.
The rst three authors are members of M.I.U.R-G.N.S.A.G.A. at I.N.d.A.M. F. Severi.
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As a rst appliation of this approah, we shall see that there are strong onstraints on the
invariants of a smooth projetive surfae whih degenerates to ongurations of planes with
global normal rossings or other mild singularities (f.  11).
Our results inlude formulas on the basi invariants of smoothable surfaes (see e.g. Theo-
rems 4.3, 8.1 and 9.9). These formulas are useful in studying a wide range of open problems,
as it happens in the urve ase, where one onsiders stik urves, i.e. unions of lines with
only nodes as singularities. Indeed, as stik urves are used to study moduli spaes of smooth
urves and are stritly related to fundamental problems as the Zeuthen problem (f. [31℄
and [50℄), degenerations of surfaes to unions of planes naturally arise in several important
instanes, like tori geometry (f. e.g. [4℄, [24℄ and [45℄) and the study of the behaviour of
omponents of moduli spaes of smooth surfaes and their ompatiations. For example,
see [38℄, where the abelian surfae ase is onsidered, or several papers related to the K3
surfae ase (see, e.g., [14℄, [15℄ and [21℄).
Using the tehniques developed here (f. also the original papers [9℄ and [10℄), we are able
to extend some results of topologial nature of Clemens-Shmid (see Theorem 9.9 and f. e.g.
[43℄) and to prove a Miyaoka-Yau type inequality (see Theorem 11.4 and Proposition 11.17).
We expet that degenerations of surfaes to unions of planes will nd many appliations.
For example, appliations to seant varieties and the interpolation problem are ontained in
[13℄.
It is an open problem to understand when a family of surfaes may degenerate to a union
of planes, and in some sense this is one of the most interesting questions in the subjet. The
tehniques we develop here in some ases allow us to onlude that this is not possible. When
it is possible, we obtain restritions on the invariants whih may lead to further theorems on
lassiation. The ase of srolls has been treated in [8℄ (f. also Theorem 11.16 below). Other
possible appliations are related, for example, to the problem of bounding the irregularity of
surfaes in P4.
Further appliations inlude the possibility of performing braid monodromy omputations
(see [16℄, [41℄, [42℄, [52℄). We hope that future work will inlude an analysis of higher-
dimensional analogues.
Our interest in degenerations to union of planes has been stimulated by a series of papers by
Guido Zappa appeared in the 194050's regarding in partiular: (1) degenerations of srolls
to unions of planes and (2) the omputation of bounds for the topologial invariants of an
arbitrary smooth projetive surfae whih degenerates to a union of planes (see [55, 56, 57,
58, 59, 60, 61℄).
In this paper we shall onsider a redued, onneted, projetive surfae X whih is a union
of planes  or more generally a union of smooth surfaes  whose singularities are:
• in odimension one, double urves whih are smooth and irreduible, along whih two
surfaes meet transversally;
• multiple points, whih are loally analytially isomorphi to the vertex of a one over
a stik urve with arithmeti genus either zero or one and whih is projetively normal
in the projetive spae it spans.
These multiple points will be alled Zappati singularities and X will be alled a Zappati
surfae. If moreover X ⊂ Pr, for some positive r, and if all its irreduible omponents are
planes, then X is alled a planar Zappati surfae.
ON DEGENERATIONS OF SURFACES 3
We will mainly onentrate on the so alled good Zappati surfaes, i.e. Zappati surfaes
having only Zappati singularities whose assoiated stik urve has one of the following dual
graphs (f. Examples 2.7 and 2.8, Denition 3.5, Figures 3 and 5):
Rn: a hain of length n, with n > 3;
Sn: a fork with n− 1 teeth, with n > 4;
En: a yle of order n, with n > 3.
Let us all Rn-, Sn-, En-point the orresponding multiple point of the Zappati surfae X .
We rst study some ombinatorial properties of a Zappati surfae X (f.  3). We then
fous on the ase in whih X is the entral bre of a (an embedded, respetively) at degen-
eration X→ ∆, where ∆ is the omplex unit disk (and where X ⊆ ∆× Pr, r > 3, is a losed
subsheme of relative dimension two, respetively). In this ase, we dedue some properties
of the general bre Xt, t 6= 0, of the degeneration from the aforementioned properties of the
entral bre X0 = X (see 's 5, 8, 9, 10 and 11).
A rst instane of this approah an be found in [7℄, where we gave some partial results on
the omputation of h0(X,ωX), when X is a Zappati surfae with global normal rossings,
i.e. with only E3-points, and where ωX is its dualizing sheaf (see Theorem 4.15 in [7℄). In
the partiular ase in whih X is smoothable, namely if X is the entral bre of a at
degeneration, we realled that the formula for h0(X,ωX) an be also dedued from the well-
known Clemens-Shmid exat sequene (f. also e.g. [43℄).
In this paper we address three main problems.
We dene the ω-genus of a projetive variety Y to be
(1.1) pω(Y ) := h
0(Y, ωY ),
where ωY is the dualizing sheaf of Y . It is just the arithmeti genus, if Y is a redued urve,
and the geometri genus, if Y is a smooth surfae.
We rst extend the omputation of the ω-genus to the more general ase in whih a good
Zappati surfae X  onsidered as a redued, onneted surfae on its own  has Rn-,
Sn- and En-points, for n > 3, as Zappati singularities (f. Theorem 4.3). When X is the
entral bre of a degeneration X→ ∆, we then relate the ω-genus of the entral bre to the
geometri genus of the general one; more preisely, we show that the ω-genus of the bres of
a at degeneration of surfaes with Zappati entral bre as above is onstant (f. Theorem
9.9 and [10℄).
As a seond main result, we ompute the K2 of a smooth surfae whih degenerates to a
good Zappati surfae, i.e. we ompute K2
Xt
, where Xt is the general bre of a degeneration
X→ ∆ suh that the entral bre X0 is a good Zappati surfae (see Theorem 8.1 and [9℄).
We will then prove a basi inequality, alled the Multiple Point Formula (f. Theorem 10.2
and [9℄), whih an be viewed as a generalization, for good Zappati singularities, of the
well-known Triple Point Formula (see Lemma 10.7 and f. [20℄).
These results follow from a detailed analysis of loal properties of the total spae X of the
degeneration at a good Zappati singularity of the entral bre X (f. 's 6 and 7).
Furthermore, we apply the omputation of K2 and the Multiple Point Formula to prove
several results onerning degenerations of surfaes. Preisely, if χ and g denote, respetively,
the Euler-Poinaré harateristi and the setional genus of the general bre Xt, for t ∈ ∆\{0},
then (f. Denition 5.4):
4 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA
Theorem 1 (f. Theorem 11.4). Let X→ ∆ be a good, planar Zappati degeneration, where
the entral bre X0 = X has at most R3-, E3-, E4- and E5-points. Then
(1.2) K2 6 8χ+ 1− g.
Moreover, the equality holds in (1.2) if and only if Xt is either the Veronese surfae in P
5
degenerating to four planes with assoiated graph S4 (i.e. with three R3-points, see Figure
1.a), or an ellipti sroll of degree n > 5 in Pn−1 degenerating to n planes with assoiated
graph a yle En (see Figure 1.b).
Furthermore, if Xt is a surfae of general type, then
K2 < 8χ− g.
•
•
• •
•
•
•
•
•
•
• •
•
(a) (b)
Figure 1.
In partiular, we have:
Corollary (f. Corollaries 11.10 and 11.12). Let X be a good, planar Zappati degeneration.
(a) Assume that Xt, t ∈ ∆ \ {0}, is a sroll of setional genus g > 2. Then X0 = X has
worse singularities than R3-, E3-, E4- and E5-points.
(b) If Xt is a minimal surfae of general type and X0 = X has at most R3-, E3-, E4- and
E5-points, then
g 6 6χ+ 5.
These improve the main results of Zappa in [60℄.
Let us desribe in more detail the ontents of the paper. Setion 2 ontains some basi
results on reduible urves and their dual graphs.
In Setion 3, we give the denition of Zappati singularities and of (planar, good) Zap-
pati surfaes. We assoiate to a good Zappati surfae X a graph GX whih enodes the
onguration of the irreduible omponents of X as well as of its Zappati singularities (see
Denition 3.6).
Then we ompute from the ombinatorial invariants of the assoiated graph GX some of
the invariants of X , e.g. the Euler-Poinaré harateristi χ(OX), and  when X ⊂ P
r
, r > 3
 the degree d = deg(X), the setional genus g, and so on. These omputations will be
frequently used in later setions, e.g.  11.
In Setion 4 we address the problem of omputing the ω-genus of a good Zappati surfae
X . Preisely, we ompute the ohomology of its struture sheaf, sine pω(X) = h
2(X,OX),
and we prove the following:
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Theorem 2. (f. Theorem 4.3) Let X =
⋃v
i=1Xi be a good Zappati surfae and let GX be
its assoiated graph (f. Denition 3.6). Consider the natural map
ΦX :
v⊕
i=1
H1(Xi,OXi)→
⊕
16i<j6v
H1(Cij,OCij ),
where Cij = Xi ∩ Xj if Xi and Xj meet along a urve, or Cij = ∅ otherwise (f. Denition
4.1). Then:
(1.3) pω(X) = h
2(GX ,C) +
v∑
i=1
pg(Xi) + dim(coker(ΦX)).
In partiular, we have:
Corollary. Let X be a good planar Zappati surfae. Then,
pω(X) = b2(GX).
Remark 1. It is well-known that, for smooth surfaes S, the geometri genus pg(S) is a
topologial invariant of S. From Formula (1.3), it follows that also the ω-genus pω(X) is a
topologial invariant of any good Zappati surfae X .
In order to prove the above results, we exploit the natural injetive resolution of the sheaf
OX in terms of the struture sheaves of the irreduible omponents of X and of its singular
lous. An alternative, and in some sense dual, approah is via the interpretation of the
global setions of ωX as olletions of meromorphi 2-forms on the irreduible omponents
of X , having poles along the double urves of X with suitable mathing onditions. This
interpretation makes it possible, in priniple, to ompute h0(X,ωX) by omputing the number
of suh independent olletions of forms. This is the viewpoint taken in [7℄, where we disussed
only the normal rossings ase. However, the approah taken here leads more quikly and
neatly to our result.
In Setion 5 we give the denition of Zappati degenerations of surfaes and we reall some
properties of smooth surfaes whih degenerate to Zappati ones.
In Setion 6 we reall the notions of minimal singularity and quasi-minimal singularity,
whih are needed to study the singularities of the total spae X of a degeneration of surfaes
at a good Zappati singularity of its entral bre X0 = X (f. also [34℄ and [35℄).
Setion 7 is devoted to studying (partial and total) resolutions of the singularities that the
total spae X of a degeneration of surfaes at a good Zappati singularity of its entral bre.
The loal analysis of minimal and quasi-minimal singularities of X is fundamental in  8,
where we ompute K2
Xt
, for t ∈ ∆ \ {0}, when Xt is the general bre of a degeneration suh
that the entral bre is a good Zappati surfae. More preisely, we prove the following main
result (see Theorem 8.1 and [9℄):
Theorem 3. Let X→ ∆ be a degeneration of surfaes whose entral bre is a good Zappati
surfae X = X0 =
⋃v
i=1Xi. Let Cij := Xi ∩ Xj be a smooth (possibly reduible) urve
of the double lous of X, onsidered as a urve on Xi, and let gij be its geometri genus,
1 6 i 6= j 6 v. Let v and e be the number of verties and edges of the graph GX assoiated to
X. Let fn, rn, sn be the number of En-, Rn-, Sn-points of X, respetively. If K
2 := K2
Xt
, for
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t 6= 0, then:
(1.4) K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
− 8e+
∑
n>3
2nfn + r3 + k
where k depends only on the presene of Rn- and Sn-points, for n > 4, and preisely:
(1.5)
∑
n>4
(n− 2)(rn + sn) 6 k 6
∑
n>4
(
(2n− 5)rn +
(
n− 1
2
)
sn
)
.
In the ase that the entral bre is also planar, we have the following:
Corollary (f. Corollary 8.4). Let X → ∆ be an embedded degeneration of surfaes whose
entral bre is a good, planar Zappati surfae X = X0 =
⋃v
i=1Πi. Then:
(1.6) K2 = 9v − 10e+
∑
n>3
2nfn + r3 + k
where k is as in (1.5) and depends only on the presene of Rn- and Sn-points, for n > 4.
The inequalities in the theorem and the orollary above reet deep geometri properties
of the degeneration. For example, if X→ ∆ is a degeneration with entral bre X a Zappati
surfae whih is the union of four planes having only a R4-point, Theorem 3 states that
8 6 K2 6 9. The two values of K2 orrespond to the fat that X , whih is the one over a
stik urve CR4 (f. Example 2.7), an be smoothed either to the Veronese surfae, whih has
K2 = 9, or to a rational normal quarti sroll in P5, whih has K2 = 8 (f. Remark 8.22).
This in turn orresponds to dierent loal strutures of the total spae of the degeneration
at the R4-point. Moreover, the loal deformation spae of a R4-point is reduible.
Setion 10 is devoted to the Multiple Point Formula (1.7) below (f. Denition 5.4, see
Theorem 10.2 and [9℄):
Theorem 4. Let X be a good Zappati surfae whih is the entral bre of a good Zappati
degeneration X→ ∆. Let γ = X1 ∩X2 be the intersetion of two irreduible omponents X1,
X2 of X. Denote by fn(γ) [rn(γ) and sn(γ), respetively℄ the number of En-points [Rn-points
and Sn-points, respetively℄ of X along γ. Denote by dγ the number of double points of the
total spae X along γ, o the Zappati singularities of X. Then:
(1.7) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ)− r3(γ)−
∑
n>4
(rn(γ) + sn(γ) + fn(γ)) > dγ > 0.
In partiular, if X is also planar, then:
(1.8) 2 + f3(γ)− r3(γ)−
∑
n>4
(rn(γ) + sn(γ) + fn(γ)) > dγ > 0.
Furthermore, if dX denotes the total number of double points of X, o the Zappati singular-
ities of X, then:
(1.9) 2e+ 3f3 − 2r3 −
∑
n>4
nfn −
∑
n>4
(n− 1)(sn + rn) > dX > 0.
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In  11 we apply Theorem 3 and 4 above to prove several generalizations of statements
given by Zappa. For example we show that worse singularities than normal rossings are
needed in order to degenerate as many surfaes as possible to unions of planes.
In Setion 9, we apply the result in  4 on the ω-genus (i.e. Theorem 2 above) to the
ase of X a smoothable, good Zappati surfae, namely X = X0 is the entral bre of a at
degeneration X → ∆ of surfaes, where ∆ is the spetrum of a DVR (or equivalently the
omplex unit disk) and eah bre Xt = π
−1(t), 0 6= t ∈ ∆, is smooth.
Preisely, with the same hypotheses of Theorem 2, we prove:
Theorem 5. (f. Theorem 9.9) Let X → ∆ be a at degeneration of surfaes parametrized
by a disk, suh that the entral bre X0 = X is good Zappati and eah bre Xt, t 6= 0, is
smooth. Then, for any t 6= 0, one has:
(1.10) pg(Xt) = pω(X).
In partiular, the ω-genus of the bres of X→ ∆ is onstant.
Remark 2. Reall that, whenX has only E3-points as Zappati singularities and it is smooth-
able, with smooth total spae X, (i.e. X is the entral bre of a semistable degeneration), it is
wellknown that (1.10) holds. This has been proved via the Clemens-Shmid exat sequene
approah, whih relates the mixed Hodge theory of the entral bre X to that of the general
one Xt, t ∈ ∆\{0}, by means of the monodromy of the total spae X (f. e.g. [43℄ for details).
We remark that Theorems 2 and 5 above not only show that (1.10) more generally holds
for a smoothable good Zappati surfae, i.e. with Rn-, Sn- and En-points, n > 3, as Zappati
singularities and with (possibly) singular total spae X, but mainly they extend the Clemens-
Shmid approah sine the omputation of pω(X) is independent of the fat that X is the
entral bre of a degeneration.
To prove Theorem 5, we use the onstrution performed in  7 of a normal rossing redution
π¯ : X¯→ ∆ of π, i.e. X¯→ X is a resolution of singularities of X and the support of its entral
bre X¯0 has global normal rossings (f. Remark 5.2). Then we apply the results in Chapter
II of [33℄ in order to get a semistable redution π˜ : X˜ → ∆ of π. This enables us to dedue
the topologial properties of the bres of X˜ from those of X , with the assistane of the
Clemens-Shmid exat sequene (f. e.g. [43℄).
In the last setion we exhibit several examples of degenerations of smooth surfaes to good
Zappati ones, some of them ontained also in [8℄, in partiular with the entral bre having
only R3-, En-, 3 6 n 6 6, points.
We onlude the paper with Appendix A, where we ollet several denitions and well-
known results onerning onnetions between ommutative homologial Algebra and proje-
tive Geometry.
Aknowledgments. The authors would like to thank L. Badesu, A. Beauville and J. Kollár,
for fundamental disussions and referenes.
2. Reduible urves and assoiated graphs
Let C be a projetive urve and let Ci, i = 1, . . . , n, be its irreduible omponents. We will
assume that:
• C is onneted and redued;
• C has at most nodes as singularities;
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• the urves Ci, i = 1, . . . , n, are smooth.
If two omponents Ci, Cj , i < j, interset at mij points, we will denote by P
h
ij, h =
1, . . . , mij, the orresponding nodes of C.
We an assoiate to this situation a simple (i.e. with no loops), weighted onneted graph
GC , with vertex vi weighted by the genus gi of Ci:
• whose verties v1, . . . , vn, orrespond to the omponents C1, . . . , Cn;
• whose edges ηhij, i < j, h = 1, . . . , mij , joining the verties vi and vj, orrespond to
the nodes P hij of C.
We will assume the graph to be lexiographially oriented, i.e. eah edge is assumed to be
oriented from the vertex with lower index to the one with higher.
We will use the following notation:
• v is the number of verties of GC , i.e. v = n;
• e is the number of edges of GC ;
• χ(GC) = v − e is the Euler-Poinaré harateristi of GC ;
• h1(GC) = 1− χ(GC) is the rst Betti number of GC .
Notie that onversely, given any simple, onneted, weighted (oriented) graph G, there is
some urve C suh that G = GC .
One has the following basi result:
Theorem 2.1. (f. [7, Theorem 2.1℄) In the above situation
(2.2) χ(OC) = χ(GC)−
v∑
i=1
gi = v − e−
v∑
i=1
gi.
Proof. Let ν : C˜ → C be the normalization morphism; this denes the exat sequene of
sheaves on C:
(2.3) 0→ OC → ν∗(OC˜)→ τ → 0,
where τ is a skysraper sheaf supported on Sing(C). Sine the singularities of C are only
nodes, one easily determines H0(C, τ) ∼= Ce. Therefore, by the exat sequene (2.3), one gets
χ(OC) = χ(ν∗(OC˜))− e.
By the Leray isomorphism and by the fat that ν is nite, one has χ(ν∗(OC˜)) = χ(OC˜). Sine
C˜ is a disjoint union of the v = n irreduible omponents of C, one has χ(OC˜) = v−
∑v
i=1 gi,
whih proves (2.2). (Cf. also [2℄ for another proof.) 
We remark that Formula (2.2) is equivalent to (f. Proposition 3.14):
(2.4) pa(C) = h
1(GC) +
v∑
i=1
gi.
Notie that C is Gorenstein, i.e. the dualizing sheaf ωC is invertible. We dene the ω-genus
of C to be
(2.5) pω(C) := h
0(C, ωC).
Observe that, when C is smooth, the ω-genus oinides with the geometri genus of C.
ON DEGENERATIONS OF SURFACES 9
In general, by the Riemann-Roh theorem, one has
(2.6) pω(C) = pa(C) = h
1(GC) +
v∑
i=1
gi = e− v + 1 +
v∑
i=1
gi.
If we have a at family C→ ∆ over a dis ∆ with general bre Ct smooth and irreduible
of genus g and speial bre C0 = C, then we an ombinatorially ompute g via the formula:
g = pa(C) = h
1(GC) +
v∑
i=1
gi.
Often we will onsider C as above embedded in a projetive spae Pr. In this situation
eah urve Ci will have a ertain degree di, so that the graph GC an be onsidered as double
weighted, by attributing to eah vertex the pair of weights (gi, di). Moreover one an attribute
to the graph a further marking number, i.e. r the embedding dimension of C.
The total degree of C is
d =
v∑
i=1
di
whih is also invariant by at degeneration.
More often we will onsider the ase in whih eah urve Ci is a line. The orresponding
urve C is alled a stik urve. In this ase the double weighting is (0, 1) for eah vertex, and
it will be omitted if no onfusion arises.
It should be stressed that it is not true that for any simple, onneted, double weighted
graph G there is a urve C in a projetive spae suh that GC = G. For example there is no
stik urve orresponding to the graph of Figure 2.
•
• •
•
Figure 2. Dual graph of an impossible stik urve.
We now give two examples of stik urves whih will be frequently used in this paper.
Example 2.7. Let Tn be any onneted tree with n > 3 verties. This orresponds to a
non-degenerate stik urve of degree n in Pn, whih we denote by CTn . Indeed one an hek
that, taking a general point pi on eah omponent of CTn, the line bundle OCTn (p1+ · · ·+ pn)
is very ample. Of ourse CTn has arithmeti genus 0 and is a at limit of rational normal
urves in P
n
.
We will often onsider two partiular kinds of trees Tn: a hain Rn of length n and the
fork Sn with n− 1 teeth, i.e. a tree onsisting of n − 1 verties joining a further vertex (see
Figures 3.(a) and (b)). The urve CRn is the union of n lines l1, l2, . . . , ln spanning P
n
, suh
that li ∩ lj = ∅ if and only if 1 < |i − j|. The urve CSn is the union of n lines l1, l2, . . . , ln
spanning Pn, suh that l1, . . . , ln−1 all interset ln at distint points (see Figure 4).
Example 2.8. Let Zn be any simple, onneted graph with n > 3 verties and h
1(Zn,C) = 1.
This orresponds to an arithmetially normal stik urve of degree n in Pn−1, whih we denote
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•
• • • ••• •
•
•
•
• •
•
(a) A hain Rn (b) A fork Sn with n− 1 teeth () A yle En
Figure 3. Examples of dual graphs.
by CZn (as in Example 2.7). The urve CZn has arithmeti genus 1 and it is a at limit of
ellipti normal urves in Pn−1.
We will often onsider the partiular ase of a yle En of order n (see Figure 3.()). The
urve CEn is the union of n lines l1, l2, . . . , ln spanning P
n−1
, suh that li ∩ lj = ∅ if and only
if 1 < |i− j| < n− 1 (see Figure 4).
We remark that CEn is projetively Gorenstein (i.e. it is projetively Cohen-Maaulay and
sub-anonial, f. Proposition A.50 in Appendix A), beause ωCEn is trivial, sine there is
an everywhere non-zero global setion of ωCEn , given by the meromorphi 1-form on eah
omponent with residues 1 and −1 at the nodes (in a suitable order).
All the other CZn's, instead, are not Gorenstein beause ωCZn , although of degree zero, is
not trivial. Indeed a graph Zn, dierent from En, ertainly has a vertex with valene 1. This
orresponds to a line l suh that ωCZn ⊗ Ol is not trivial.
•
•
•
•
•
•
• • • • • •
•
•
•
•
••
•
CRn : a hain of n lines, CSn: a omb with n− 1 teeth, CEn: a yle of n lines.
Figure 4. Examples of stik urves.
3. Zappati surfaes and assoiated graphs
We will now give a parallel development, for surfaes, to the ase of urves realled in the
previous setion. Before doing this, we need to introdue the singularities we will allow (f.
[7,  3℄).
Denition 3.1 (Zappati singularity). Let X be a surfae and let x ∈ X be a point. We
will say that x is a Zappati singularity for X if (X, x) is loally analytially isomorphi to
a pair (Y, y) where Y is the one over either a urve CTn or a urve CZn, n > 3, and y is the
vertex of the one. Aordingly we will say that x is either a Tn- or a Zn-point for X .
Observe that either Tn- or Zn-points are not lassied by n, unless n = 3.
We will onsider the following situation.
Denition 3.2 (Zappati surfae). Let X be a projetive surfae with its irreduible om-
ponents X1, . . . , Xv. We will assume that X has the following properties:
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• X is redued and onneted in odimension one;
• X1, . . . , Xv are smooth;
• the singularities in odimension one of X are at most double urves whih are smooth
and irreduible along whih two surfaes meet transversally;
• the further singularities of X are Zappati singularities.
A surfae likeX will be alled a Zappati surfae. If moreoverX is embedded in a projetive
spae Pr and all of its irreduible omponents are planes, we will say that X is a planar
Zappati surfae. In this ase, the irreduible omponents of X will sometimes be denoted
by Πi instead of Xi, 1 6 i 6 v.
Notation 3.3. Let X be a Zappati surfae. Let us denote by:
• Xi: an irreduible omponent of X , 1 6 i 6 v;
• Cij := Xi∩Xj , 1 6 i 6= j 6 v, if Xi and Xj meet along a urve, otherwise set Cij = ∅.
We assume that eah Cij is smooth but not neessarily irreduible;
• gij : the geometri genus of Cij , 1 6 i 6= j 6 v; i.e. gij is the sum of the geometri
genera of the irreduible (equiv., onneted) omponents of Cij;
• C := Sing(X) = ∪i<jCij : the union of all the double urves of X ;
• Σijk := Xi ∩Xj ∩Xk, 1 6 i 6= j 6= k 6 v, if Xi ∩Xj ∩Xk 6= ∅, otherwise Σijk = ∅;
• mijk : the ardinality of the set Σijk;
• P hijk : the Zappati singular point belonging to Σijk, for h = 1, . . . , mijk.
Furthermore, if X ⊂ Pr, for some r, we denote by
• d = deg(X) : the degree of X ;
• di = deg(Xi) : the degree of Xi, i 6 i 6 v;
• cij = deg(Cij): the degree of Cij , 1 6 i 6= j 6 v;
• D : a general hyperplane setion of X ;
• g : the arithmeti genus of D;
• Di : the (smooth) irreduible omponent of D lying in Xi, whih is a general hyper-
plane setion of Xi, 1 6 i 6 v;
• gi : the genus of Di, 1 6 i 6 v.
Notie that if X is a planar Zappati surfae, then eah Cij, when not empty, is a line and
eah non-empty set Σijk is a singleton.
Remark 3.4. Observe that a Zappati surfae X is Cohen-Maaulay. More preisely, X has
global normal rossings exept at points Tn, n > 3, and Zm, m > 4. Thus the dualizing sheaf
ωX is well-dened. If X has only En-points as Zappati singularities, then X is Gorenstein,
hene ωX is an invertible sheaf.
Denition 3.5 (Good Zappati surfae). The good Zappati singularities are the
• Rn-points, for n > 3,
• Sn-points, for n > 4,
• En-points, for n > 3,
whih are the Zappati singularities whose assoiated stik urves are respetively CRn , CSn ,
CEn (see Examples 2.7 and 2.8, Figures 3, 4 and 5).
A good Zappati surfae is a Zappati surfae with only good Zappati singularities.
To a good Zappati surfae X we an assoiate an oriented omplex GX , whih we will
also all the assoiated graph to X .
12 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA
•
D1 D2
D3
X1 X2
X3
C13
C12
C23
•
D1
D2
D3
X1
X2
X3
C12 C23
E3-point R3-point
•
D1
D2 D3
D4
X1
X2 X3
X4
C12
C23
C34
•
D1
D2
D3
X1 X2 X3
C12 C23
X4
C24
D4
R4-point S4-point
Figure 5. Examples of good Zappati singularities.
Denition 3.6 (The assoiated graph toX). LetX be a good Zappati surfae with Notation
3.3. The graph GX assoiated to X is dened as follows (f. Figure 6):
• eah surfae Xi orresponds to a vertex vi;
• eah irreduible omponent of the double urve Cij = C
1
ij ∪ · · · ∪ C
hij
ij orresponds to
an edge etij, 1 6 t 6 hij, joining vi and vj . The edge e
t
ij, i < j, is oriented from the
vertex vi to the one vj . The union of all the edges e
t
ij joining vi and vj is denoted by
e˜ij, whih orresponds to the (possibly reduible) double urve Cij ;
• eah En-point P of X is a fae of the graph whose n edges orrespond to the double
urves onurring at P . This is alled a n-fae of the graph;
• for eah Rn-point P , with n > 3, if P ∈ Xi1 ∩ Xi2 ∩ · · · ∩Xin , where Xij meets Xik
along a urve Cij ik only if 1 = |j − k|, we add in the graph a dashed edge joining the
verties orresponding to Xi1 and Xin. The dashed edge ei1,in, together with the other
n− 1 edges eij ,ij+1 , j = 1, . . . , n− 1, bound an open n-fae of the graph;
• for eah Sn-point P , with n > 4, if P ∈ Xi1 ∩ Xi2 ∩ · · · ∩ Xin, where Xi1, . . . , Xin−1
all meet Xin along urves Cijin , j = 1, . . . , n − 1, onurring at P , we mark this
in the graph by an n-angle spanned by the edges orresponding to the urves Cijin ,
j = 1, . . . , n− 1.
In the sequel, when we speak of faes of GX we always mean losed faes. Of ourse eah
vertex vi is weighted with the relevant invariants of the orresponding surfae Xi. We will
usually omit these weights if X is planar, i.e. if all the Xi's are planes.
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By abusing notation, we will sometimes denote by GX also the natural CW-omplex asso-
iated to the graph GX .
Sine eah Rn-, Sn-, En-point is an element of some set of points Σijk (f. Notation 3.3),
we remark that there an be dierent faes (as well as open faes and angles) of GX whih
are inident on the same set of verties and edges. However this annot our if X is planar.
•
•
•
v1
v2
v3
•
•
•
v1
v2
v3 •
• •
•
v1
v3
v4
v2
•
•
•
•
v1
v2
v4
v3
R3-point E3-point R4-point S4-point
Figure 6. Assoiated graphs of R3-, E3-, R4- and S4-points (f. Figure 5).
Consider three verties vi, vj, vk of GX in suh a way that vi is joined with vj and vk.
Assume for simpliity that the double urves Cij, 1 6 i < j 6 v, are irreduible. Then,
any point in Cij ∩ Cik is either a Rn-, or an Sn-, or an En-point, and the urves Cij and
Cik interset transversally, by denition of Zappati singularities. Hene we an ompute the
intersetion number Cij · Cik by adding the number of losed and open faes and of angles
involving the edges eij, eik. In partiular, if X is planar, for every pair of adjaent edges only
one of the following possibilities our: either they belong to an open fae, or to a losed
one, or to an angle. Therefore for good, planar Zappati surfaes we an avoid marking open
3-faes without losing any information (see Figures 6 and 7 ).
•
•
•
v1
v2
v3
Figure 7. Assoiated graph to a R3-point in a good, planar Zappati surfae.
As for stik urves, if G is a given graph as above, there does not neessarily exist a good
planar Zappati surfae X suh that its assoiated graph is G = GX .
Example 3.7. Consider the graph G of Figure 8. If G were the assoiated graph to a good
planar Zappati surfae X , then X should be a global normal rossing union of 4 planes with
5 double lines and two E3 points, P123 and P134, both lying on the double line C13. Sine
the lines C23 and C34 (resp. C14 and C12) both lie on the plane X3 (resp. X1), they should
interset. This means that the planes X2, X4 also should interset along a line, therefore the
edge e24 should appear in the graph.
Analogously to Example 3.7, one an easily see that, if the 1-skeleton of G is E3 or E4,
then in order to have a planar Zappati surfae X suh that GX = G, the 2-skeleton of G
has to onsist of the fae bounded by the 1-skeleton.
Let us see two more examples of planar Zappati surfaes.
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•
• •
•
v1
v3
v4
v2
Figure 8. Graph assoiated to an impossible planar Zappati surfae.
Example 3.8. In P4, with homogeneous oordinates x0, . . . , x4, onsider the good planar
Zappati surfae X whih is union of the ve planes
X0 = {x4 = x0 = 0}, Xi = {xi = xi−1 = 0}, i = 1, 2, 3, 4.
The assoiated graph is a yle E5 with no losed faes and the Zappati singularities are ve
R3-points, whih, aording to the previous remark, we do not mark with open 3-faes.
Example 3.9. In P
5
, with ane oordinates x1, . . . , x5, the planar Zappati surfae X , whih
is the union of the ve planes
X1 = {x4 = x5 = x1 = 0}, X2 = {x5 = x1 = x2 = 0},
Xi = {xi−2 = xi−1 = xi = 0}, i = 3, 4, 5,
has an E5-point at (0, 0, 0, 0, 0). The assoiated graph is a again a yle E5 but with a losed
5-fae.
It would be interesting to haraterize all the graphs whih an be assoiated to a good
Zappati surfae.
Let us see some examples of a good, non-planar, Zappati surfae.
Example 3.10. Consider X ⊂ P3 the union of two general quadris X1 and X2 and a general
planeX3. Then, C12 = C21 is a smooth ellipti quarti in P
3
whereas C13 = C31 and C23 = C32
are smooth onis; moreover,
X1 ∩X2 ∩X3 = Σ123 = Σ213 = · · · = Σ321
onsists of four distint points. Hene, GX has three verties, three edges (in a yle) and
four triangles (i.e. 3-faes) whih are inident on the same set of verties (equiv. edges).
We an also onsider an example of a good Zappati surfae with reduible double urves.
Example 3.11. ConsiderD1 andD2 two general plane urves of degreem and n, respetively.
Therefore, they are smooth, irreduible and they transversally interset eah other in mn
points. Consider the surfaes:
X1 = D1 × P
1 and X2 = D2 × P
1.
The union of these two surfaes, together with the plane P2 = X3 ontaining the two urves,
determines a good Zappati surfae X with only E3-points as Zappati singularities.
More preisely, by using Notation 3.3, we have:
• C13 = X1 ∩X3 = D1, C23 = X2 ∩X3 = D2, C12 = X1 ∩X2 =
∑mn
k=1 Fk, where eah Fk
is a bre isomorphi to P1;
• Σ123 = X1∩X2∩X3 onsists of the mn points of the intersetion of D1 and D2 in X3.
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Observe that C12 is smooth but not irreduible. Therefore, the assoiated graph to X , i.e.
GX , onsists of 3 verties, mn + 2 edges and mn triangles inident on them.
In order to ombinatorially ompute some of the invariants of a good Zappati surfae, we
need some notation.
Notation 3.12. Let X be a good Zappati surfae (with invariants as in Notation 3.3) and
let G = GX be its assoiated graph. We denote by
• V : the (indexed) set of verties of G;
• v : the ardinality of V , i.e. the number of irreduible omponents of X ;
• E : the set of edges of G; this is indexed by the ordered triples (i, j, t) ∈ V × V × N,
where i < j and 1 6 t 6 hij, suh that the orresponding surfaes Xi, Xj meet along
the urve Cij = Cji = C
1
ij ∪ · · · ∪ C
hij
ij ;
• e : the ardinality of E, i.e. the number of irreduible omponents of double urves in
X ;
• E˜ : the set of double urves Cij of X ; this is indexed by the ordered pairs (i, j) ∈
V ×V , where i < j, suh that the orresponding surfaes Xi, Xj meet along the urve
Cij = Cji;
• e˜ : the ardinality of E˜, i.e. the pairs of verties of GX whih are joined by at least
one edge;
• fn : the number of n-faes of G, i.e. the number of En-points of X , for n > 3;
• f :=
∑
n>3 fn, the number of faes of G, i.e. the total number of En-points of X , for
all n > 3;
• rn : the number of open n-faes of G, i.e. the number of Rn-points of X , for n > 3;
• r:=
∑
n>3 rn, the total number of Rn-points of X , for all n > 3;
• sn : the number of n-angles of G, i.e. the number of Sn-points of X , for n > 4;
• s: =
∑
n>4 sn: the total number of Sn-points of X , for all n > 4;
• ρn: = sn + rn, for n > 4, and ρ3 = r3;
• ρ: = s+ r =
∑
n>3 ρn;
• τ : = ρ+ f , the total number of good Zappati singularities;
• wi: the valene of the i
th
vertex vi of G, i.e. the number of irreduible double urves
lying on Xi;
• χ(G) := v − e + f , i.e. the Euler-Poinaré harateristi of G;
• G(1) : the 1-skeleton of G, i.e. the graph obtained from G by forgetting all the faes,
dashed edges and angles;
• χ(G(1)) = v − e, i.e. the Euler-Poinaré harateristi of G(1).
Remark 3.13. Observe that, when X is a good, planar Zappati surfae, E = E˜ and the
1-skeleton G
(1)
X of GX oinides with the dual graph GD of the general hyperplane setion D
of X .
Now we an ompute some of the invariants of good Zappati surfaes.
Proposition 3.14. (f. [7, Proposition 3.12℄) Let X =
⋃v
i=1Xi ⊂ P
r
be a good Zappati
surfae and let G = GX be its assoiated graph. Let C be the double lous of X, i.e. the union
of the double urves of X, Cij = Cji = Xi ∩ Xj and let cij = deg(Cij). Let Di be a general
hyperplane setion of Xi, and denote by gi its genus. Then the arithmeti genus of a general
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hyperplane setion D of X is:
(3.15) g =
v∑
i=1
gi +
∑
16i<j6v
cij − v + 1.
In partiular, when X is a good, planar Zappati surfae, then
(3.16) g = e− v + 1 = 1− χ(G(1)).
Proof. Denote by di the degree of Xi, 1 6 i 6 v. Then, D is the union of the v irreduible
omponents Di, 1 6 i 6 v, suh that deg(Di) = di and d := deg(D) =
∑v
i=1 di. Consider its
assoiated graph GD, dened as in  2.
Take G, whose indexed set of edges is denoted by E, and onsider an edge etij ∈ E joining
its verties vi and vj , i < j, whih orrespond to the irreduible omponents Xi and Xj ,
respetively. The edge etij in G orresponds to an irreduible omponent C
t
ij of the double
urve Cij , 1 6 t 6 hij ; its degree is denoted by c
t
ij, so that cij =
∑hij
t=1 c
t
ij .
Thus, we have exatly cij oriented edges in the graph GD joining its verties vi and vj ,
whih now orrespond to the irreduible omponents of D, Di and Dj , respetively. These
cij oriented edges orrespond to the cij nodes of the reduible urve Di ∪Dj, whih is part of
the hyperplane setion D.
Now, reall that the Hilbert polynomial of D is, with our notation, PD(t) = dt+1− g. On
the other hand, PD(t) equals the number of independent onditions imposed on hypersurfaes
H of degree t≫ 0 to ontain D.
From what observed above on GD, it follows that the number of singular points of D is∑
e˜ij∈E˜
cij . These points impose independent onditions on hypersurfaes H of degree t≫ 0.
Sine t≫ 0 by assumption, we get that the map
H0(OPr(t))→ H
0(ODi(t))
is surjetive and that the line bundle ODi(t) is non-speial on Di, for eah 1 6 i 6 v. Thus, in
order for H to ontain Di we have to impose dit−gi+1−
∑
j s.t. e˜ij∈E˜
cij onditions. Therefore
the total number of onditions for H to ontain D is:∑
e˜ij∈E˜
cij +
v∑
i=1
(
dit− gi + 1−
∑
j,e˜ij∈E˜
cij
)
=
∑
e˜ij∈E˜
cij + dt−
v∑
i=1
gi + v −
v∑
i=1
∑
j,e˜ij∈E˜
cij =
= dt+ v −
v∑
i=1
gi −
∑
e˜ij∈E˜
cij ,
sine
∑v
i=1
∑
j,e˜ij∈E˜
cij = 2
∑
e˜ij∈E˜
cij . This proves (3.15) (f. Formula (2.6)).
The seond part of the statement diretly follows from the above omputations and from
the fat that, in the good planar Zappati ase gi = 0 and cij = 1, for eah i < j, i.e. GD
oinides with G(1) (f. Remark 3.13). 
By realling Notation 3.12, one also has:
Proposition 3.17. (f. [7, Proposition 3.15℄) Let X =
⋃v
i=1Xi be a good Zappati surfae
and GX be its assoiated graph, whose number of faes is f . Let C be the double lous of X,
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whih is the union of the urves Cij = Xi ∩Xj. Then:
(3.18) χ(OX) =
v∑
i=1
χ(OXi)−
∑
16i<j6v
χ(OCij ) + f.
In partiular, when X is a good, planar Zappati surfae, then
(3.19) χ(OX) = χ(GX) = v − e+ f.
Proof. We an onsider the sheaf morphism:
(3.20)
v⊕
i=1
OXi
λ
−→
⊕
16i<j6v
OCij ,
dened in the following way: if
πij :
⊕
16i<j6v
OCij → OCij
denotes the projetion on the (ij)th-summand, then
(πij ◦ λ)(h1, . . . , hv) := hi − hj .
Notie that the denition of λ is onsistent with the lexiographi order of the indies and
with the lexiographi orientation of the edges of the graph GX .
Observe that, if X˜ denotes the minimal desingularization of X , then X˜ is isomorphi to
the disjoint union of the smooth, irreduible omponents Xi, 1 6 i 6 v, of X . Therefore, by
the very denition of OX , we see that
ker(λ) ∼= OX .
We laim that the morphism λ is not surjetive and that its okernel is a sky-sraper sheaf
supported at the En-points of X , for n > 3. To show this, we fous on any irreduible
omponent of C =
⋃
16i<j6v Cij, the double lous of X . For simpliity, we shall assume that
eah urve Cij is irreduible; one an easily extend the same omputations to the general
ase.
Fix any index pair (i, j), with i < j, and onsider the generator
(3.21) (0, . . . , 0, 1, 0, . . . , 0) ∈
⊕
16l<m6v
OClm ,
where 1 ∈ OCij , the (ij)
th
-summand. The obstrutions to lift up this element to an element
of
⊕
16t6v OXt are given by the presene of good Zappati singularities of X along Cij.
For what onerns the irreduible omponents of X whih are not involved in the interse-
tion determining a good Zappati singularity on Cij , the element in (3.21) trivially lifts-up
to 0 on eah of them. Thus, in the sequel, we shall fous only on the irreduible omponents
involved in the Zappati singularity, whih will be denoted by Xi, Xj, Xlt , for 1 6 t 6 n−2.
We have to onsider dierent ases, aording to the good Zappati singularity type lying
on the urve Cij = Xi ∩Xj .
• Suppose that Cij passes through a Rn-point P of X , for some n; we have two dierent
possibilities. Indeed:
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(a) let Xi be an external surfae for P  i.e. Xi orresponds to a vertex of the
assoiated graph to P whih has valene 1. Therefore, we have:
r r r r r· · ·
Xi Xj Xl1 Xln−3 Xln−2
In this situation, the element in (3.21) lifts up to
(1, 0, . . . , 0) ∈ OXi ⊕ OXj ⊕
⊕
16t6n−2
OXlt
.
(b) let Xi be an internal surfae for P  i.e. Xi orresponds to a vertex of the
assoiated graph to P whih has valene 2. Thus, we have a piture like:
r r r r r r r· · ·
Xl1 Xl2 Xl3 Xi Xj Xln−3 Xln−2
In this ase, the element in (3.21) lifts up to the n-tuple having omponents:
1 ∈ OXi ,
0 ∈ OXj ,
1 ∈ OXlt , for those Xlt 's orresponding to verties in the graph assoiated to P
whih are on the left of Xi and,
0 ∈ OXlk for those Xlk 's orresponding to verties in the graph assoiated to P
whih are on the right of Xj .
• Suppose that Cij passes through a Sn-point P of X , for any n; as before, we have two
dierent possibilities. Indeed:
(a) let Xi orrespond to the vertex of valene n− 1 in the assoiated graph to P , i.e.
 
 
 
✏✏✏✏✏✏✏✏✏
✘✘✘✘✘✘✘✘✘✘✘✘
❅
❅
❅
❍❍❍❍❍❍
❳❳❳❳❳❳❳❳❳❳❳❳
r
r r r r r r r· · ·· · ·
Xi
Xl1 Xl2 Xlk Xj Xlk+1 Xlk+2 Xln−2
In this situation, the element in (3.21) lifts up to the n-tuple having omponents:
1 ∈ OXi ,
0 ∈ OXj ,
1 ∈ OXlt , for all 1 6 t 6 n− 2.
(b) let Xi orrespond to a vertex of valene 1 in the assoiated graph to P . Sine
Cij 6= ∅ by assumption, then Xj has to be the vertex of valene n− 1, i.e. we have the
following piture:
 
 
 
✏✏✏✏✏✏✏✏✏
✘✘✘✘✘✘✘✘✘✘✘✘
❅
❅
❅
❍❍❍❍❍❍
❳❳❳❳❳❳❳❳❳❳❳❳
r
r r r r r r r· · ·· · ·
Xj
Xl1 Xl2 Xlk Xi Xlk+1 Xlk+2 Xln−2
Thus, the element in (3.21) lifts up to the n-tuple having omponents
1 ∈ OXi ,
0 ∈ OXj ,
0 ∈ OXlt , for all 1 6 t 6 n− 2.
• Suppose that Cij passes through an En-point P for X . Then, eah vertex of the
assoiated graph to P has valene 2. Sine suh a graph is a yle, it is lear that no
lifting of (3.21) an be done.
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To sum up, we see that coker(λ) is supported at the En-points of X . Furthermore, if we
onsider ⊕
16i<j6v
OCij
evP−−−→ OP = CP ,
⊕
fij 7→
∑
fij(P )
it is lear that, if P is an En-point then
evP
( ⊕
16i<j6v
OCij/ Im(λ)
)
∼= CP .
This means that
coker(λ) ∼= Cf .
By the exat sequenes
0→ OX →
⊕
16i6v
OXi → Im(λ)→ 0, 0→ Im(λ)→
⊕
16i<j6v
OCij → C
f → 0,
we get (3.18). 
Not all of the invariants of X an be diretly omputed by the graph GX . For example,
if ωX denotes the dualizing sheaf of X , the omputation of the ω-genus h
0(X,ωX), whih
plays a fundamental role in degeneration theory, is atually muh more involved, even if X
has mild Zappati singularities, as we shall see in the next setion (f. also [7℄).
To onlude this setion, we observe that in the partiular ase of good, planar Zappati
surfae one an determine a simple relation among the numbers of Zappati singularities, as
the next lemma shows.
Lemma 3.22. (f. [9, Lemma 3.16℄) Let G be the assoiated graph to a good, planar Zappati
surfae X =
⋃v
i=1Xi. Then, with Notation (3.12), we have
(3.23)
v∑
i=1
wi(wi − 1)
2
=
∑
n>3
(nfn + (n− 2)rn) +
∑
n>4
(
n− 1
2
)
sn.
Proof. The assoiated graph to three planes whih form a R3-point onsists of two adjaent
edges (f. Figure 7). The total number of two adjaent edges inG is the left hand side member
of (3.23) by denition of valene wi. On the other hand, an n-fae (resp. an open n-fae, resp.
an n-angle) learly ontains exatly n (resp. n− 2, resp.
(
n−1
2
)
) pairs of adjaent edges. 
4. The ω-genus of a Zappati surfae
The aim of this setion is to ompute the ω-genus of a good Zappati surfae X , as dened
in Formula (1.1). What we will atually do will be to ompute the ohomology of the struture
sheaf OX , whih is suient, sine pω(X) = h
2(X,OX).
We rst dene the map ΦX whih appears in the statement of Theorem 2.
Denition 4.1. Let X =
⋃v
i=1Xi be a good Zappati surfae. Let rij : H
1(Xi,OXi) →
H1(Cij,OCij ) be the restrition map to Cij as a divisor in Xi. We dene the natural map:
(4.2) ΦX :
v⊕
i=1
H1(Xi,OXi)→
⊕
16i<j6v
H1(Cij,OCij ), ΦX(ai) = −
i−1∑
j=1
rij(ai) +
v∑
j=i+1
rij(ai)
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if ai ∈ H
1(Xi,OXi) and extend ΦX linearly. When X is lear from the ontext, we will write
simply Φ instead of ΦX .
The main result of this setion is the following (f. [10, Theorem 3.1℄ together with the
beginning of § 2 and Denition 2.4 in [10℄):
Theorem 4.3. Let X =
⋃v
i=1Xi be a good Zappati surfae. Then:
(4.4) pω(X) = h
2(X,OX) = h
2(GX ,C) +
v∑
i=1
pg(Xi) + dim(coker(Φ)),
and
(4.5) h1(X,ωX) = h
1(X,OX) = h
1(GX ,C) + dim(ker(Φ))
where GX is the assoiated graph to X and Φ = ΦX is the map of Denition 4.1.
Proof. Let p1, ..., pf be the Enpoints of X , n > 3. As in the proof of Proposition 3.17 (f.
also Proposition 3.15 in [7℄), one has the exat sequene:
(4.6) 0→ OX →
v⊕
i=1
OXi
d0G−→
⊕
16i<j6v
OCij
d1G−→
f⊕
h=1
Oph → 0
where the maps are as follows:
• OX →
⊕v
i=1OXi is the diret sum of the natural restrition maps.
• reall that d0G :
⊕v
i=1OXi →
⊕
16i<j6v OCij , an be desribed by onsidering the om-
position of its restrition to eah summand OXi with the projetion to any summand
OChk , with h < k. This map sends g ∈ OXi to:
(1) 0 ∈ OChk , if both h, k are dierent from i;
(2) g|Cik ∈ OCik if k > i;
(3) −g|Cki ∈ OCki if k < i;
• the map d1G :
⊕
16i<j6v OCij →
⊕f
h=1Oph again an be desribed by onsidering the
omposition of its restrition to eah summand OCij , with i < j, with the projetion
to any summand Oph . Suppose ph is an Enpoint orresponding to a fae Fh of GX
suh that ∂Fh =
∑
16i<j6v eijCij , where either eij = 0 or eij = ±1. Then this map
sends g ∈ OCij to eijg(ph).
We note that the indued maps on global setions in eah ase are the orresponding
ohain map for the graph GX ; this motivates the notation for these maps used in (4.6).
Let Λ be the kernel of the sheaf map d1G, so that we have two short exat sequenes
(4.7) 0→ OX →
v⊕
i=1
OXi → Λ→ 0
and
(4.8) 0→ Λ→
⊕
16i<j6v
OCij
d1
G−→
f⊕
h=1
Oph → 0.
ON DEGENERATIONS OF SURFACES 21
The latter gives the long exat sequene:
0→ H0(Λ)→
⊕
16i<j6v
H0(OCij)
d1G−→
f⊕
h=1
H0(Oph)→
→ H1(Λ)
β
−→
⊕
16i<j6v
H1(OCij )→ 0
and sine the okernel of the map d1G is H
2(GX ,C), we derive the short exat sequene
(4.9) 0→ H2(GX ,C)→ H
1(Λ)
β
−→
⊕
16i<j6v
H1(OCij )→ 0.
From the short exat sequene (4.7) we have the long exat sequene:
0→ H0(OX)→
v⊕
i=1
H0(OXi)→ H
0(Λ)→
→ H1(OX)→
v⊕
i=1
H1(OXi)
α
−→ H1(Λ)→ H2(OX)→
v⊕
i=1
H2(OXi)→ 0.
Now H1(GX ,C) is the kernel of d
1
G (whih is H
0(Λ)) modulo the image of d0G, whih is
the image of the map
⊕v
i=1H
0(OXi) → H
0(Λ) in the rst line above. Hene we reognize
H1(GX ,C) as the okernel of this map, and therefore the seond line of the above sequene
beomes
0→ H1(GX ,C)→ H
1(OX)→
v⊕
i=1
H1(OXi)
α
−→ H1(Λ)→ H2(OX)→
v⊕
i=1
H2(OXi)→ 0.
Now the omposition of the map β with the map α is exatly the map Φ: Φ = β◦α. We laim
that α and Φ have the same kernel, whih by (4.9) is equivalent to having Im(α)∩H2(GX ,C)(=
ker(β)) = {0}.
If we are able to show this, then the leftmost part of the above sequene would split o as
0→ H1(GX ,C)→ H
1(OX)→ ker(α) = ker(Φ)→ 0
whih would prove the H1 statement of the theorem. In addition, if this is true, then the
natural surjetion from the okernel of α to the okernel of Φ would have ker(β) = H2(GX ,C)
as its kernel, and we would have dim(coker(α)) = dimH2(GX ,C)+dim(coker(Φ)). Sine the
rightmost part of the long exat sequene above splits o as
0→ coker(α)→ H2(OX)→
v⊕
i=1
H2(OXi)→ 0
we see that the H2 statement of the theorem follows also.
To prove that Im(α)∩H2(GX ,C) = {0}, notie that the sheaf map d
0
G (whih has Λ as its
image) fators through obvious maps:
v⊕
i=1
OXi →
v⊕
i=1
OCi →
⊕
16i<j6v
OCij
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and therefore the map α on the H1 level fators as:
v⊕
i=1
H1(OXi)→
v⊕
i=1
H1(OCi)→ H
1(Λ).
Moreover one has the short exat sequene:
0→ OC →
v⊕
i=1
OCi → Λ→ 0
where C is the singular lous of X , and thus we have an exat sequene:
(4.10) H1(C,OC)→
v⊕
i=1
H1(OCi)→ H
1(Λ)→ 0.
We remark that H1(Ci,OCi) [resp. H
1(C,OC)℄ is the tangent spae at the origin to Pic
0(Ci)
[resp. to Pic0(C)℄ whih is a (C∗)δiextension [resp. a (C∗)δextension℄ of
⊕v
j=1Pic
0(Cij) [resp.
of
⊕
16i<j6v Pic
0(Cij)℄, where δi [resp. δ℄ depends on the singular points of Ci [resp. of C℄.
There are natural restrition maps:
a :
v⊕
i=1
Pic0(Xi)→
v⊕
i=1
Pic0(Ci)
and
b : Pic0(C)→
v⊕
i=1
Pic0(Ci)
whih are maps of C∗extensions of abelian varieties; their dierentials at the origin are
v⊕
i=1
H1(OXi)→
v⊕
i=1
H1(OCi)
and
H1(C,OC)→
v⊕
i=1
H1(OCi)
respetively; the latter is the leftmost map of the sequene (4.10).
The map b appears in the following exat diagram:
0 (C∗)δ Pic0(C)
b
⊕
i<j Pic
0(Cij) 0
0
⊕
i (C
∗)δi
⊕
i Pic
0(Ci)
⊕
i,j Pic
0(Cij) 0
The vertial map on the right is an injetion; indeed, it is the diret sum of diagonal maps
Pic0(Cij) → Pic
0(Cij)
⊕
Pic0(Cji). Therefore, if we denote by V the okernel of the entral
map b, we have a short exat sequene of okernels
0→ (C∗)γ → V →
⊕
i<j
Pic0(Cij)→ 0
for some γ; in partiular, V is again a C∗-extension of abelian varieties. We now reognize
by (4.10) that H1(X,Λ) is the tangent spae at the origin to V ; moreover the sequene (4.9)
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is the map on tangent spaes for the above sequene of groups. In partiular the map β is
the tangent spae map for the projetion V →
⊕
i<j Pic
0(Cij).
Composing a with the projetion of
⊕v
i=1 Pic
0(Ci) to V gives a map
c :
v⊕
i=1
Pic0(Xi)→ V
whose dierential at the origin is the previously enountered map
α :
v⊕
i=1
H1(OXi)→ H
1(X,Λ).
Now
⊕v
i=1Pic
0(Xi) is ompat, and therefore the image of c in V has nite intersetion
with the kernel of the projetion V →
⊕
16i<j6v Pic
0(Cij). At the tangent spae level, this
means that the image of α has trivial intersetion with the kernel of the map β, whih we
have identied as H2(GX ,C), whih was to be proved. 
Remark 4.11. Note that, in partiular, Formulas (4.4) and (4.5) agree with, and imply,
Formula (3.18) that we proved in Proposition 3.17.
In ase X is a planar Zappati surfae, Theorem 4.3 implies the following:
Corollary 4.12. Let X be a good, planar Zappati surfae. Then,
pω(X) = b2(GX),(4.13)
q(X) = b1(GX).(4.14)
5. Degenerations to Zappati surfaes
In this setion we will fous on at degenerations of smooth surfaes to Zappati ones.
Denition 5.1. Let ∆ be the spetrum of a DVR (equiv. the omplex unit disk). A degen-
eration of relative dimension n is a proper and at morphism
X
pi
∆
suh that Xt = π
−1(t) is a smooth, irreduible, n-dimensional, projetive variety, for t 6= 0.
If Y is a smooth, projetive variety, the degeneration
X
pi
⊆ ∆× Y
pr1
∆
is said to be an embedded degeneration in Y of relative dimension n. When it is lear from
the ontext, we will omit the term embedded.
We will say that X → ∆ is a normal rossing degeneration if the total spae X is smooth
and the supportX
red
of the entral bre X = X0 is a divisor in X with global normal rossings,
i.e. X
red
is a good Zappati surfae with only E3-points as Zappati singularities.
A normal rossing degeneration is alled semistable (see, e.g., [43℄) if the entral bre is
redued.
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Remark 5.2. Given a degeneration π : X → ∆, Hironaka's Theorem on the resolution of
singularities implies that there exists a birational morphism X¯ → X suh that X¯ → ∆ is a
normal rossing degeneration, whih we will all a normal rossing redution of π.
Given a degeneration π : X → ∆, the Semistable Redution Theorem (see Theorem on p.
5354 in [33℄) states that there exists a base hange β : ∆ → ∆, dened by β(t) = tm, for
some m, a semistable degeneration π˜ : X˜→ ∆ and a diagram
(5.3) X˜
ψ
p˜i
Xβ X
pi
∆
β
∆
suh that the square is Cartesian and ψ : X˜ → Xβ is a birational morphism obtained by
blowing-up a suitable sheaf of ideals on Xβ . This is alled a semistable redution of π.
From now on, we will be onerned with degenerations of relative dimension two, namely
degenerations of smooth, projetive surfaes.
Denition 5.4. (f. [9, Denition 4.2℄) Let X→ ∆ be a degeneration (equiv. an embedded
degeneration) of surfaes. Denote by Xt the general bre, whih is by denition a smooth,
irreduible and projetive surfae; let X = X0 denote the entral bre. We will say that the
degeneration is Zappati if X is a Zappati surfae, the total spae X is smooth exept for:
• ordinary double points at points of the double lous of X , whih are not the Zappati
singularities of X ;
• further singular points at the Zappati singularities of X of type Tn, for n > 3, and
Zn, for n > 4,
and there exists a birational morphism X′ → X, whih is the omposition of blow-ups at
points of the entral bre, suh that X′ is smooth.
A Zappati degeneration will be alled good if the entral bre is moreover a good Zappati
surfae. Similarly, an embedded degeneration will be alled a planar Zappati degeneration
if its entral bre is a planar Zappati surfae.
Notie that we require the total spae X of a good Zappati degeneration to be smooth at
E3-points of X .
On the other hand, if π : X → ∆ is an arbitrary degeneration of surfaes suh that
π−1(t) = Xt, for t 6= 0, is by denition a smooth, irreduible and projetive surfae and the
entral bre X0 is a good Zappati surfae, then the total spae X of π may have the following
singularities:
• double urves, whih are double urves also for X ;
• isolated double points along the double urves of X ;
• further singular points at the Zappati singularities of X , whih an be isolated or
may our on double urves of the total spae.
The singularities of the total spae X of either an arbitrary degeneration with good Zappati
entral bre or of a good Zappati degeneration will be desribed in details in Setions 6 and
7.
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Notation 5.5. Let X → ∆ be a degeneration of surfaes and let Xt be the general bre,
whih is a smooth, irreduible and projetive surfae. Then, we onsider the following intrinsi
invariants of Xt:
• χ := χ(OXt);
• K2 := K2
Xt
.
If the degeneration is assumed to be embedded in Pr, for some r, then we also have:
• d := deg(Xt);
• g := (K +H)H/2 + 1, the setional genus of Xt.
We will be mainly interested in omputing these invariants in terms of the entral bre
X . For some of them, this is quite simple. For instane, when X → ∆ is an embedded
degeneration in P
r
, for some r, and if the entral bre X0 = X =
⋃v
i=1Xi, where the Xi's
are smooth, irreduible surfaes of degree di, 1 6 i 6 v, then by the atness of the family we
have
d =
v∑
i=1
di.
When X = X0 is a good Zappati surfae (in partiular a good, planar Zappati surfae),
we an easily ompute some of the above invariants by using our results of  3. Indeed, by
Propositions 3.14 and 3.17 by the atness of the family, we get:
Proposition 5.6. Let X → ∆ be a degeneration of surfaes and suppose that the entral
bre X0 = X =
⋃v
i=1Xi is a good Zappati surfae. Let G = GX be its assoiated graph (f.
Notation 3.12). Let C be the double lous of X, i.e. the union of the double urves of X,
Cij = Cji = Xi ∩Xj and let cij = deg(Cij).
(i) If f denotes the number of (losed) faes of G, then
χ =
v∑
i=1
χ(OXi)−
∑
16i<j6v
χ(OCij ) + f.(5.7)
Moreover, if X = X0 is a good, planar Zappati surfae, then
χ = χ(G) = v − e+ f,(5.8)
where e denotes the number of edges of G.
(ii) Assume further that X→ ∆ is embedded in Pr. Let D be a general hyperplane setion of
X; let Di be the i
th
-smooth, irreduible omponent of D, whih is a general hyperplane setion
of Xi, and let gi be its genus. Then
g =
v∑
i=1
gi +
∑
16i<j6v
cij − v + 1.(5.9)
When X is a good, planar Zappati surfae, if G(1) denotes the 1-skeleton of G, then:
g = 1− χ(G(1)) = e− v + 1.(5.10)
In the partiular ase that X→ ∆ is a semistable degeneration, i.e. if X has only E3-points
as Zappati singularities and the total spae X is smooth, then χ an be omputed also in a
dierent way by topologial methods via the Clemens-Shmid's exat sequene (f. e.g. [43℄).
Proposition 5.6 is indeed more general: X is allowed to have any good Zappati singularity,
namely Rn-, Sn- and En-points, for any n > 3, the total spae X is possibly singular, even
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in dimension one, and, moreover, our omputations do not depend on the fat that X is
smoothable, i.e. that X is the entral bre of a degeneration.
6. Minimal and quasi-minimal singularities
In this setion we shall desribe the singularities that the total spae of a degeneration of
surfaes has at the Zappati singularities of its entral bre. We need to reall a few general
fats about redued Cohen-Maaulay singularities and two fundamental onepts introdued
and studied by Kollár in [34℄ and [35℄.
Reall that V = V1∪· · ·∪Vr ⊆ P
n
, a redued, equidimensional and non-degenerate sheme is
said to be onneted in odimension one if it is possible to arrange its irreduible omponents
V1, . . . , Vr in suh a way that
codimVj Vj ∩ (V1 ∪ · · · ∪ Vj−1) = 1, for 2 6 j 6 r.
Remark 6.1. Let X be a surfae in Pr and C be a hyperplane setion of X . If C is a pro-
jetively Cohen-Maaulay urve, then X is onneted in odimension one. This immediately
follows from the fat that X is projetively Cohen-Maaulay (f. Appendix A).
Given Y an arbitrary algebrai variety, if y ∈ Y is a redued, Cohen-Maaulay singularity
then
(6.2) emdimy(Y ) 6 multy(Y ) + dimy(Y )− 1,
where emdimy(Y ) = dim(mY,y/m
2
Y,y) is the embedding dimension of Y at the point y, where
mY,y ⊂ OY,y denotes the maximal ideal of y in Y (see, e.g., [34℄).
For any singularity y ∈ Y of an algebrai variety Y , let us set
(6.3) δy(Y ) = multy(Y ) + dimy(Y )− emdimy(Y )− 1.
If y ∈ Y is redued and Cohen-Maaulay, then Formula (6.2) states that δy(Y ) > 0.
Let H be any eetive Cartier divisor of Y ontaining y. Of ourse one has
multy(H) > multy(Y ).
Lemma 6.4. (f. [9, Lemma 5.4℄) In the above setting, if emdimy(Y ) = emdimy(H), then
multy(H) > multy(Y ).
Proof. Let f ∈ OY,y be a loal equation dening H around y. If f ∈ mY,y \ m
2
Y,y (non-
zero), then f determines a non-trivial linear funtional on the Zariski tangent spae Ty(Y ) ∼=
(mY,y/m
2
Y,y)
∨
. By the denition of emdimy(H) and the fat that f ∈ mY,y \ m
2
Y,y, it follows
that emdimy(H) = emdimy(Y ) − 1. Thus, if emdimy(Y ) = emdimy(H), then f ∈ m
h
Y,y, for
some h > 2. Therefore, multy(H) > hmulty(Y ) > multy(Y ). 
We let
(6.5) ν := νy(H) = min{n ∈ N | f ∈ m
n
Y,y}.
Notie that:
(6.6) multy(H) > νmulty(Y ), emdimy(H) =
{
emdimy(Y ) if ν > 1,
emdimy(Y )− 1 if ν = 1.
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Lemma 6.7. (f. [9, Lemma 5.7℄) One has
δy(H) > δy(Y ).
Furthermore:
(i) if the equality holds, then either
(1) multy(H) = multy(Y ), emdimy(H) = emdimy(Y )− 1 and νy(H) = 1, or
(2) multy(H) = multy(Y ) + 1, emdimy(H) = emdimy(Y ), in whih ase νy(H) = 2
and multy(Y ) = 1;
(ii) if δy(H) = δy(Y ) + 1, then either
(1) multy(H) = multy(Y )+1, emdimy(H) = emdimy(Y )−1, in whih ase νy(H) =
1, or
(2) multy(H) = multy(Y ) + 2 and emdimy(H) = emdimy(Y ), in whih ase either
(a) 2 6 νy(H) 6 3 and multy(Y ) = 1, or
(b) νy(H) = multy(Y ) = 2.
Proof. It is a straightforward onsequene of (6.3), of Lemma 6.4 and of (6.6). 
We will say that H has general behaviour at y if
(6.8) multy(H) = multy(Y ).
We will say that H has good behaviour at y if
(6.9) δy(H) = δy(Y ).
Notie that if H is a general hyperplane setion through y, than H has both general and
good behaviour.
We want to disuss in more details the relations between the two notions. We note the
following fats:
Lemma 6.10. (f. [9, Lemma 5.10℄) In the above setting:
(i) if H has general behaviour at y, then it has also good behaviour at y;
(ii) if H has good behaviour at y, then either
(1) H has also general behaviour and emdimy(Y ) = emdimy(H) + 1, or
(2) emdimy(Y ) = emdimy(H), in whih ase multy(Y ) = 1 and νy(H) = multy(H) =
2.
Proof. The rst assertion is a trivial onsequene of Lemma 6.4.
If H has good behaviour and multy(Y ) = multy(H), then it is lear that emdimy(Y ) =
emdimy(H) + 1. Otherwise, if multy(Y ) 6= multy(H), then multy(H) = multy(Y ) + 1 and
emdimy(Y ) = emdimy(H). By Lemma 6.7, (i), we have the seond assertion. 
As mentioned above, we an now give two fundamental denitions (f. [34℄ and [35℄):
Denition 6.11. (f. [9, Denition 5.11℄) Let Y be an algebrai variety. A redued, Cohen-
Maaulay singularity y ∈ Y is alled minimal if the tangent one of Y at y is geometrially
redued and δy(Y ) = 0.
Remark 6.12. Notie that if y is a smooth point for Y , then δy(Y ) = 0 and we are in the
minimal ase.
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Denition 6.13. (f. [9, Denition 5.13℄) Let Y be an algebrai variety. A redued, Cohen-
Maaulay singularity y ∈ Y is alled quasi-minimal if the tangent one of Y at y is geomet-
rially redued and δy(Y ) = 1.
It is important to notie the following fat:
Proposition 6.14. (f. [9, Proposition 5.14℄) Let Y be a projetive threefold and y ∈ Y be a
point. Let H be an eetive Cartier divisor of Y passing through y.
(i) If H has a minimal singularity at y, then Y has also a minimal singularity at y.
Furthermore H has general behaviour at y, unless Y is smooth at y and νy(H) =
multy(H) = 2.
(ii) If H has a quasi-minimal, Gorenstein singularity at y then Y has also a quasi-minimal
singularity at y, unless either
(1) multy(H) = 3 and 1 6 multy(Y ) 6 2, or
(2) emdimy(Y ) = 4, multy(Y ) = 2 and emdimy(H) = multy(H) = 4.
Proof. Sine y ∈ H is a minimal (resp. quasi-minimal) singularity, hene redued and Cohen-
Maaulay, the singularity y ∈ Y is redued and Cohen-Maaulay too.
Assume that y ∈ H is a minimal singularity, i.e. δy(H) = 0. By Lemma 6.7, (i), and by
the fat that δy(Y ) > 0, one has δy(Y ) = 0. In partiular, H has good behaviour at y. By
Lemma 6.10, (ii), either Y is smooth at y and νy(H) = 2, or H has general behaviour at y.
In the latter ase, the tangent one of Y at y is geometrially redued, as is the tangent one
of H at y. Therefore, in both ases Y has a minimal singularity at y, whih proves (i).
Assume that y ∈ H is a quasi-minimal singularity, namely δy(H) = 1. By Lemma 6.7, then
either δy(Y ) = 1 or δy(Y ) = 0.
If δy(Y ) = 1, then the ase (i.2) in Lemma 6.7 annot our, otherwise we would have
δy(H) = 0, against the assumption. Thus H has general behaviour and, as above, the
tangent one of Y at y is geometrially redued, as the tangent one of H at y is. Therefore
Y has a quasi-minimal singularity at y.
If δy(Y ) = 0, we have the possibilities listed in Lemma 6.7, (ii). If (1) holds, we have
multy(H) = 3, i.e. we are in ase (ii.1) of the statement. Indeed, Y is Gorenstein at y as
H is, and therefore δy(Y ) = 0 implies that multy(Y ) 6 2 by Corollary 3.2 in [49℄, thus
multy(H) 6 3, and in fat multy(H) = 3 beause δy(H) = 1. Also the possibilities listed in
Lemma 6.7, (ii.2) lead to ases listed in the statement. 
Remark 6.15. From an analyti viewpoint, ase (1) in Proposition 6.14 (ii), when Y is
smooth at y, an be thought of as Y = P3 and H a ubi surfae with a triple point at y.
On the other hand, ase (2) an be thought of as Y being a quadri one in P4 with
vertex at y and as H being ut out by another quadri one with vertex at y. The resulting
singularity is therefore the one over a quarti urve Γ in P3 with arithmeti genus 1, whih
is the omplete intersetion of two quadris.
Now we desribe the relation between minimal and quasi-minimal singularities and Zappati
singularities. First we need the following straightforward remark:
Lemma 6.16. Any Tn-point (resp. Zn-point) is a minimal (resp. quasi-minimal) surfae
singularity.
The following diret onsequene of Proposition 6.14 will be important for us:
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Proposition 6.17. (f. [9, Proposition 5.17℄) Let X be a surfae with a Zappati singularity
at a point x ∈ X and let X be a threefold ontaining X as a Cartier divisor.
• If x is a Tn-point for X, then x is a minimal singularity for X and X has general
behaviour at x;
• If x is an En-point for X, then X has a quasi-minimal singularity at x and X has
general behaviour at x, unless either:
(i) multx(X) = 3 and 1 6 multx(X) 6 2, or
(ii) emdimx(X) = 4, multx(X) = 2 and emdimx(X) = multx(X) = 4.
In the sequel, we will need a desription of a surfae having as a hyperplane setion a stik
urve of type CSn, CRn, and CEn (f. Examples 2.7 and 2.8).
First of all, we reall well-known results about minimal degree surfaes (f. [27℄, page 525).
Theorem 6.18 (del Pezzo). Let X be an irreduible, non-degenerate surfae of minimal
degree in Pr, r > 3. Then X has degree r − 1 and is one of the following:
(i) a rational normal sroll;
(ii) the Veronese surfae, if r = 5.
Next we reall the result of Xambó onerning reduible minimal degree surfaes (see [53℄).
Theorem 6.19 (Xambó). Let X be a non-degenerate surfae whih is onneted in odimen-
sion one and of minimal degree in Pr, r > 3. Then, X has degree r − 1, any irreduible
omponent of X is a minimal degree surfae in a suitable projetive spae and any two om-
ponents interset along a line.
In what follows, we shall frequently refer to Appendix A. Let X ⊂ Pr be an irreduible,
non-degenerate, projetively Cohen-Maaulay surfae with anonial singularities, i.e. with
Du Val singularities. We reall that X is alled a del Pezzo surfae if OX(−1) ≃ ωX . We
note that a del Pezzo surfae is projetively Gorenstein (f. Denition A.49 in Appendix A).
Theorem 6.20. (del Pezzo, [17℄. Compare also with [9, Theorem 5.20℄) Let X be an irre-
duible, non-degenerate, linearly normal surfae of degree r in Pr. Then one of the following
ours:
(i) one has 3 6 r 6 9 and X is either
a. the image of the blow-up of P2 at 9−r suitable points, mapped to Pr via the linear
system of ubis through the 9− r points, or
b. the 2-Veronese image in P
8
of a quadri in P
3
.
In eah ase, X is a del Pezzo surfae.
(ii) X is a one over a smooth ellipti normal urve of degree r in Pr−1.
Proof. Let f : Y → X be a minimal desingularization of X . Let H be a general hyperplane
setion of X and let C := f ∗(H). One has 0 6 pa(H) 6 1. On the other hand, C is smooth
and irreduible (by Bertini's theorem) of genus g 6 pa(H). By the linear normality, one has
g = 1 and, therefore, also pa(H) = g = 1. So H is smooth and irreduible, whih means that
X has isolated singularities.
Assume that X is not a sroll. If r > 5, Reider's Theorem states that KY + C is b.p.f. on
Y . Thus, (KY + C)
2 > 0. On the other hand, (KY + C)C = 0. Then, the Index Theorem
implies that KY is numerially equivalent to −C. Therefore, H
1(Y,OY (KY )) = (0) and so Y
is rational and KY is linearly equivalent to −C.
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By the Adjuntion Formula, the above relation is trivially true also if r = 3 and r = 4.
Now, r = C2 = K2Y 6 9. If r = 9, then Y = P
2
and C ∈ |OP2(3)|. If Y has no (−1)-urve,
the only other possibility is r = K2Y = 8 whih leads right away to ase (i)− b.
Suppose now that E is a (−1)-urve in Y , then CE = 1. We laim that |C+E| is b.p.f., it
ontrats E and maps Y to a surfae of degree r+1 is Pr+1. Then, the assertion immediately
follows by the desription of the ases r = 8 and 9. To prove the laim, onsider the exat
sequene
0→ OY (C)→ OY (C + E)→ OE → 0
and remark that h1(OY (C)) = h
1(OY (−2C)) = 0.
Now suppose that X is a sroll whih is not a one. Note that Y is an ellipti ruled
surfae. Let R be the pull-bak via f of a line L. We laim that all urves in the algebrai
system {R} are irreduible. Otherwise, we would have some (−1)-urve on Y ontrated
by f , against the minimality assumption. Therefore Y is a minimal, ellipti ruled surfae.
Moreover, f : Y → X is nite sine f annot ontrat any urve transversal to R, otherwise
X would be a one, and annot ontrat any urve R.
Now, Y = PE(E), where E is an ellipti urve and E is a rank-two vetor bundle on E. If
E is indeomposable, then the e-invariant of the sroll is either e = 0 or e = −1 (f. Theorem
2.15, page 377 in [30℄). Let C0 be a setion of the ruling with C
2
0 = e. Then, C ≡ C0 + αR,
with α > 2.
More preisely, we have α > 3. Otherwise, we would have r = C20 + 4 6 4, then the
hyperplane setion H of X would be a omplete intersetion so X would be a omplete
intersetion hene a one. Furthermore, when α = 3 then e = 0. Indeed, assume e = −1 and
α = 3, so C0C = 2. This would imply that X is a surfae of degree 5 in P
5
with a double
line (whih is the image of C0). If we projet X from this line, we have a urve of degree 3
in P3 whih ontradits that Y is an ellipti sroll.
Notie thatKY ≡ −2C0−eR and thereforeKY −C ≡ −3C0−(e+α)R. Sine (C−KY )C0 =
α+4e, from what observed above, in any ase (C−KY )C0 > 0. Sine (C−KY )
2 = 6α+15e >
0, we have that C −KY is big and nef. Therefore, h
1(Y,OY (C)) = h
1(Y,OY (KY − C)) = 0.
Look now at the sequene
0→ OY → OY (C)→ OC(C)→ 0.
Sine h1(Y,OY ) = 1, then the restrition map
H0(OY (C))→ H
0(OC(C))
is not surjetive, against the hypotesis that X is a surfae of degree r in Pr.
Finally, assume that E is deomposable. Then, E = L1 ⊕ L2, where Li is a line bundle
of degree di on E, 1 6 i 6 2. Observe that d1 + d2 = r; furthermore, sine X is not
a one, then h0(E,Li) > 2, for eah 1 6 i 6 2, hene di > 2, for 1 6 i 6 2. Thus,
h0(E,E) = h0(E,L1) + h
0(E,L2) = d1 + d2 = r, a ontradition. 
Sine ones as in (ii) above are projetively Gorenstein surfaes (see Appendix A), the
surfaes listed in Theorem 6.20 will be alled minimal Gorenstein surfaes.
We shall make use of the following easy onsequene of the Riemann-Roh theorem.
Lemma 6.21. (Compare also with [9, Lemma 5.21℄) Let D ⊂ Pr be a redued (possibly
reduible), non-degenerate and linearly normal urve of degree r + d in Pr, with 0 6 d < r.
Then pa(D) = d.
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Proof. Let OD(H) be the hyperplane line bundle on D. By assumption h
0(D,OD(H)) = r+1
and deg(OD(H)) = r + d. Riemann-Roh Theorem then gives:
(6.22) pa(D) = h
1(D,OD(H)) + d = h
0(D,ωD ⊗ OD(−H)) + d,
where ωD denotes the dualizing sheaf. Suppose that h
0(ωD ⊗ OD(−H)) > 0. Thus, the
eetiveness of OD(H) and ωD ⊗ OD(−H) would imply that:
pa(D) = h
0(D,ωD) > h
0(OD(H)) + h
0(ωD ⊗ OD(−H))− 1 = r + h
0(ωD ⊗ OD(−H)),
whih ontradits (6.22), sine d < r by hypothesis. 
Theorem 6.23. (f. [9, Theorem 5.22℄) Let X be a non-degenerate, projetively Cohen-
Maaulay surfae of degree r in Pr, r > 3, whih is onneted in odimension one. Then, any
irreduible omponent of X is either
(i) a minimal Gorenstein surfae, and there is at most one suh omponent, or
(ii) a minimal degree surfae.
If there is a omponent of type (i), then the intersetion in odimension one of any two
distint omponents an be only a line.
If there is no omponent of type (i), then the intersetion in odimension one of any two dis-
tint omponents is either a line or a (possibly reduible) oni. Moreover, if two omponents
meet along a oni, all the other intersetions are lines.
Furthermore, X is projetively Gorenstein if and only if either
(a) X is irreduible of type (i), or
(b) X onsists of only two omponents of type (ii) meeting along a oni, or
() X onsists of ν, 3 6 ν 6 r, omponents of type (ii) meeting along lines and the dual
graph GD of a general hyperplane setion D of X is a yle Eν .
Proof. LetD be a general hyperplane setion ofX . SineX is projetively Cohen-Maaulay, it
is arithmetially Cohen-Maaulay (f. Proposition A.30). This implies that D is an arithmeti-
ally Cohen-Maaulay (equiv. arithmetially normal) (equiv. arithmetially normal) urve
(f. Theorem A.31 in Appendix A). By Lemma 6.21, pa(D) = 1. Therefore, for eah on-
neted suburve D′ of D, one has 0 6 pa(D
′) 6 1 and there is at most one irreduible
omponent D′′ with pa(D
′′) = 1. In partiular two onneted suburves of D an meet at
most in two points. This implies that two irreduible omponents of X meet either along a
line or along a oni. The linear normality of X immediately implies that eah irreduible
omponent is linearly normal too. As a onsequene of Theorem 6.20 and of Lemma 6.21, all
this proves the statement about the omponents of X and their intersetion in odimension
one.
It remains to prove the nal part of the statement.
If X is irreduible, the assertion is trivial, so assume X reduible.
Suppose that all the intersetions in odimension one of the distint omponents of X are
lines. If either the dual graph GD of a general hyperplane setion D of X is not a yle or
there is an irreduible omponent of D whih is not rational, then D is not Gorenstein (see
the disussion at the end of Example 2.8), ontraditing the assumption that X is Gorenstein.
Conversely, if GD is a yle Eν and eah omponent of D is rational, then D is projetively
Gorenstein. In partiular, if all the omponents of D are lines, then D isomorphi to CEν
(f. again Example 2.8). Therefore X is projetively Gorenstein too (f. Proposition A.53 in
Appendix A).
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Suppose that X onsists of two irreduible omponents meeting along a oni. Then D
onsists of two rational normal urves meeting at two points; thus the dualizing sheaf ωD is
trivial, i.e. D is projetively Gorenstein and Gorenstein, therefore so is X (f. Proposition
A.53 in Appendix A).
Conversely, let us suppose that X is projetively Gorenstein and there are two irreduible
omponents X1 and X2 meeting along a oni. If there are other omponents, then there
is a omponent X ′ meeting all the rest along a line. Thus, the hyperplane setion ontains
a rational urve meeting all the rest at a point. Therefore the dualizing sheaf of D is not
trivial, hene D is not Gorenstein, thus X is not Gorenstein. 
By using Theorems 6.18, 6.19 and 6.20, we an prove the following result:
Proposition 6.24. (f. [9, Proposition 5.23℄) Let X be a non-degenerate surfae in Pr, for
some r, and let n > 3 be an integer.
(i) If r = n+ 1 and if a hyperplane setion of X is CRn, then either:
a. X is a smooth rational ubi sroll, possible only if n = 3, or
b. X is a Zappati surfae, with ν irreduible omponents of X whih are either
planes or smooth quadris, meeting along lines, and the Zappati singularities of
X are h > 1 points of type Rmi, i = 1, . . . , h, suh that
(6.25)
h∑
i=1
(mi − 2) = ν − 2.
In partiular X has global normal rossings if and only if ν = 2, i.e. if and only
if either n = 3 and X onsists of a plane and a quadri meeting along a line, or
n = 4 and X onsists of two quadris meeting along a line.
(ii) If r = n+ 1 and if a hyperplane setion of X is CSn, then either:
a. X is the union of a smooth rational normal sroll X1 = S(1, d− 1) of degree d,
2 6 d 6 n, and of n− d disjoint planes eah meeting X1 along dierent lines of
the same ruling, in whih ase X has global normal rossings; or
b. X is planar Zappati surfae with h > 1 points of type Smi, i = 1, . . . , h, suh
that
(6.26)
h∑
i=1
(
mi − 1
2
)
=
(
n− 1
2
)
.
(iii) If r = n and if a hyperplane setion of X is CEn then either:
a. X is an irreduible del Pezzo surfae of degree n in Pn, possible only if n 6 6; in
partiular X is smooth if n = 6; or
b. X has two irreduible omponents X1 and X2, meeting along a (possibly reduible)
oni; Xi, i = 1, 2, is either a smooth rational ubi sroll, or a quadri, or a
plane; in partiular X has global normal rossings if X1 ∩X2 is a smooth oni
and neither X1 nor X2 is a quadri one;
. X is a Zappati surfae whose irreduible omponents X1, . . . , Xν of X are either
planes or smooth quadris. Moreover X has a unique Eν-point, and no other
Zappati singularity, the singularities in odimension one being double lines.
Proof. (i) Aording to Remark 6.1 and Theorem 6.19, X is onneted in odimension one
and is a union of minimal degree surfaes meeting along lines. Sine a hyperplane setion
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is a CRn , then eah irreduible omponent Y of X has to ontain some line and therefore it
is a rational normal sroll, or a plane. Furthermore Y has a hyperplane setion whih is a
onneted suburve of CRn. It is then lear that Y is either a plane, or a quadri or a smooth
rational normal ubi sroll.
We laim that Y annot be a quadri one. In fat, in this ase, the hyperplane setions of
Y onsisting of lines pass through the vertex y ∈ Y . Sine Y ∩ (X \ Y ) also onsists of lines
passing through y, we see that no hyperplane setion of X is a CRn .
Reasoning similarly, one sees that if a omponent Y of X is a smooth rational ubi sroll,
then Y is the only omponent of X , i.e. Y = X , whih proves statement a.
Suppose now that X is reduible, so its omponents are either planes or smooth quadris.
The dual graph GD of a general hyperplane setion D of X is a hain of length ν and any
onneting edge orresponds to a double line of X . Let x ∈ X be a singular point and let
Y1, . . . , Ym be the irreduible omponents of X ontaining x. Let G
′
be the subgraph of GD
orresponding to Y1 ∪ · · · ∪ Ym. Sine X is projetively Cohen-Maaulay, then learly G
′
is
onneted, hene it is a hain. This shows that x is a Zappati singularity of type Rm.
Finally we prove Formula (6.25). Suppose that the Zappati singularities of X are h points
x1, . . . , xh of type Rm1 , . . . , Rmh , respetively. Notie that the hypothesis that a hyperplane
setion of X is a CRn implies that two double lines of X lying on the same irreduible
omponent have to meet at a point, beause they are either lines in a plane or bres of
dierent rulings on a quadri.
•
xi
• •
xi+1
• • • •
Figure 9. The points xi and xi+1 share a ommon edge in the assoiated graph GX .
So the graph GX onsists of h open faes orresponding to the points xi, 1 6 i 6 h, and
two ontiguous open faes must share a ommon edge, as shown in Figure 9. Thus, both
Formula (6.25) and the last part of statement b. immediately follow.
(ii) Arguing as in the proof of (i), one sees that any irreduible omponent Y of X is either
a plane, or a smooth quadri or a smooth rational normal sroll with a line as a diretrix.
If Y is a rational normal sroll S(1, d−1) of degree d > 2, the subgraph of Sn orresponding
to the hyperplane setion of Y is Sd. Then a. follows in this ase, namely all the other
omponents of X are planes meeting Y along lines of the ruling. Note that, sine X spans a
Pn+1, these planes are pairwise skew and therefore X has global normal rossings.
Suppose now that X is a union of planes. Then X onsists of a plane Π and of n− 1 more
planes meeting Π along distint lines. Arguing as in part (i), one sees that the planes dierent
from Π pairwise meet only at a point in Π. Hene X is smooth o Π. On the other hand, it
is lear that the singularities xi in Π are Zappati of type Smi , i = 1, . . . , h. This orresponds
to the fat that mi− 1 planes dierent from Π pass through the same point xi ∈ Π. Formula
(6.26) follows by suitably ounting the number of pairs of double lines in the onguration.
(iii) If X is irreduible, then a. holds by elementary properties of lines on a del Pezzo surfae.
34 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA
Suppose that X is reduible. Every irreduible omponent Y of X has a hyperplane setion
whih is a stik urve stritly ontained in CEn. By an argument we already used in part (i),
then Y is either a plane, or a quadri or a smooth rational normal ubi sroll.
Suppose that an irreduible omponent Y meets X \ Y along a oni. Sine CEn is proje-
tively Gorenstein, then also X is projetively Gorenstein (f. Proposition A.53 in Appendix
A); so, by Theorem 6.23, X onsists of only two irreduible omponents and b. follows.
Again by Theorem 6.23 and reasoning as in part (i), one sees that all the irreduible
omponents of X are either planes or smooth quadris and the dual graph GD of a general
hyperplane setion D of X is a yle Eν of length ν.
As we saw in part (i), two double lines of X lying on the same irreduible omponent Y
of X meet at a point of Y . Hene X has some singularity besides the general points on the
double lines. Again, as we saw in part (i), suh singularity an be either of type Rm or of type
Em, where Rm or En are subgraphs of the dual graph GD of a general hyperplane setion D of
X . Sine X is projetively Gorenstein, it has only Gorenstein singularities (f. Remark A.52
in Appendix A), in partiular Rm-points are exluded. Thus, the only singularity ompatible
with the above graph is an Eν-point. 
Remark 6.27. At the end of the proof of part (iii), instead of using the Gorenstein property,
one an prove by a diret omputation that a surfae X of degree n, whih is a union of planes
and smooth quadris and suh that the dual graph GD of a general hyperplane setion D of
X is a yle of length ν, must have an Eν-point and no other Zappati singularity in order
to span a Pn.
Corollary 6.28. Let X→ ∆ be a degeneration of surfaes whose entral bre X is Zappati.
Let x ∈ X be a Tn-point. Let X
′
be the blow-up of X at x. Let E be the exeptional divisor,
let X ′ be the proper transform of X, Γ = CTn be the intersetion urve of E and X
′
. Then
E is a minimal degree surfae of degree n in Pn+1 = P(TX,x), and Γ is one of its hyperplane
setions.
In partiular, if x is either a Rn- or a Sn-point, then E is as desribed in Proposition 6.24.
Proof. The rst part of the statement diretly follows from Lemma 6.16, Proposition 6.17
and Theorem 6.19. 
We lose this setion by stating a result whih will be useful in the sequel:
Corollary 6.29. Let y be a point of a projetive threefold Y . Let H be an eetive Cartier
divisor on Y passing through y. If H has an En-point at y, then Y is Gorenstein at y.
Proof. Reall thatH is Gorenstein at y (f. Remark 3.4) andH loally behaves as a hyperplane
setion of Y at y (f. the proof of Proposition 6.14), therefore Y is Gorenstein at y (f. Theorem
A.48 in Appendix A). 
Remark 6.30. Let X → ∆ be a degeneration of surfaes whose entral bre X is good
Zappati. From Denition 3.2 and Corollary 6.29, it follows that X is Gorenstein at all the
points of X, exept at its Rn- and Sn-points.
7. Resolutions of the total spae of a degeneration of surfaes to a
Zappati one
Given π : X→ ∆ a degeneration of surfaes with good Zappati entral bre X = X0, the
aim of this setion is to desribe partial and total desingularizations of the total spae X of
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the degeneration. These will be fundamental tools in in Setions 8 and 10, where we shall
ombinatorially ompute the K2 of the smooth bres of X (f. Theorem 8.1) and prove the
Multiple Point Formula (f. Theorem 10.2), respetively, as well as in Setion 9, where we
shall ompute the geometri genus of the smooth bres of X (f. Theorem 9.9).
As realled in Remark 3.4, a good Zappati surfae X is Gorenstein only at the En-points,
for n > 3. Therefore, when X is the entral bre of a degeneration X → ∆, from Remark
6.30, then also X is Gorenstein at the En-points of its entral bre. Thus one an rst onsider
a partial resolution of the total spae X at the Rn- and Sn-points of X , for n > 3, in order
to make both the total spae and the entral bre Gorenstein. More preisely, one wants to
produe a birational model of X, denoted by
(7.1) X
G → ∆,
suh that:
(i) XG is isomorphi to X o the entral bre;
(ii) XG is Gorenstein;
(iii) for eah irreduible omponent Xi of the entral bre X0 = X of X there is some
irreduible omponent of the entral bre XG0 = X
G
of XG whih dominates Xi,
1 6 i 6 v.
XG is said to be a Gorenstein redution of X. As it will be lear from the steps of Algorithm
7.2, XG is a good Zappati surfae having only En-points as Zappati singularities, so it is
Gorenstein. In partiular, both the dualizing sheaves ωXG and ωXG will be invertible.
For our aims, we also need to ompletely resolve the total spae of the degeneration. In
this ase, as it will be shown in Algorithm 7.3, one an get a normal rossing redution of X
(f. Remark 5.2), say Xs, suh that:
(i) Xs is smooth and it is isomorphi to X o the entral bre;
(ii) its entral bre Xs0 = X
s
is a Zappati surfae whose support is with global normal
rossings, i.e. Xsred is with only E3-points as Zappati singularities;
(iii) for eah irreduible omponent Xi of the entral bre X0 = X of X there is some
irreduible omponent of the entral bre Xs whih dominates Xi, 1 6 i 6 v.
Given a degeneration of surfaes π : X→ ∆, in order to determine both a Gorenstein and
a normal rossing redution of X it is neessary to arefully analyze the proess, basially
desribed in Chapter II of [33℄, whih produes the semistable redution.
As we said in Remark 5.2, Hironaka's result implies the existene of a normal rossing
redution of π. The birational transformation involved in resolving the singularities an be
taken to be a sequene of blow-ups (whih one an arrange to be at isolated points and
along smooth urves) interspersed with normalization maps. For general singularities suh a
proedure may introdue omponents and double urves whih an aet the omputation
of the invariants of the entral bre, like e.g. the ω-genus, et.. Our next task is to show
that, under the assumption that the entral bre is good Zappati, we have very preise
ontrol over its invariants. For this we will need to more expliitly desribe algorithms whih
produe Gorenstein and normal rossing redutions of π, respetively. In order to do this,
we will use, as ommon in programming languages, the word while to indiate that the
statement following it is repeated until it beomes false.
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Gorenstein redution algorithm 7.2. Let X→ ∆ be a degeneration of surfaes with good
Zappati entral bre. While X0 has a point p of type either Rn or Sn, n > 3, replae X by
its blow-up at p.
Normal rossing redution algorithm 7.3. (f. [10, Algorithm 4.8℄) Let X → ∆ be a
degeneration of surfaes with good Zappati entral bre having only En-points, n > 3, as
Zappati singularities.
Step 1: while X0 has a point p of type En and X has multipliity n > 3 at p, replae X by its
blow-up at p;
Step 2: while X has a double urve γ, replae X by its blow-up along γ;
Step 3: if X has a double point p, then replae X by the normalization of its blow-up at p and
go bak to Step 2;
Step 4: while there is a omponent of X0 with a double point p, replae X by its blow-up at
p;
Step 5: while there are two omponents X1 and X2 of X0 meeting along a urve with a node
p, rst blow-up X at p, then blow-up along the line whih is the intersetion of the
exeptional divisor with the proper transform of X0, and nally replae X with the
resulting threefold.
The following proposition is devoted to prove that the above algorithms work (f. the proof
of [9, Theorem 6.1℄ and [10, Proposition 4.9℄).
Proposition 7.4. Let π : X → ∆ be a degeneration of surfaes with good Zappati entral
bre X = X0 =
⋃v
i=1Xi.
(1) Run the Gorenstein redution algorithm 7.2; the algorithm stops after nitely many
steps and its output gives a Gorenstein redution πG : XG → ∆ of π.
(2) Consider π : X→ ∆ suh that X has only En-points, n > 3, as Zappati singularities
and run the normal rossing redution algorithm 7.3. The algorithm stops after nitely
many steps and its output gives a normal rossing redution π¯ : X¯→ ∆ of π.
Proof. (1) As observed in  5, sine π : X→ ∆ is an arbitrary degeneration of smooth surfaes
to a good Zappati one, the total spae X of π may have the following singularities:
• double urves, whih are double urves also for X ;
• isolated double points along the double urves of X ;
• further singular points at the Zappati singularities of X , whih an be isolated or
may our on double urves of the total spae.
Our aim is to prove that the Gorenstein redution algorithm 7.2 produes a total spae whih
is Gorenstein and a entral bre whih has only En-points as Zappati singularities.
By Proposition 6.17, if X has either a Rn-point or a Sn-point, n > 3, then the total spae
X has multipliity n at p. Let X′ → X be the blow-up of X at a Rn-point [resp. Sn-point℄ p.
By Proposition 6.24, the exeptional divisor E is a Zappati surfae of degree n in Pn+1 suh
that all of its irreduible omponents are rational normal surfaes meeting along lines and E
has at most Rm-points, m 6 n [resp. Sm-points, m 6 n℄ as Zappati singularities. Let X
′
be
the proper transform of X . The urve Γ = E ∩ X ′ is a stik urve CRn [resp. CSn ℄ whih,
being nodal, does not ontain any Zappati singularity of E. The new entral bre E ∪ X ′
has either E3- or E4-points at the double points of Γ, depending on whether E is smooth or
has a double point there. These points are aordingly either smooth or double points for X′.
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The fat that the proess in (1) is repeated nitely many times follows e.g. from Proposition
3.4.13 in [34℄. If XG → X is the omposition of all the blow-ups done in (1), then πG : XG → ∆
is a degeneration whose entral bre is a Zappati surfae with only En-points, n > 3, as
Zappati singularities. Thus πG : XG → ∆ is a Gorenstein redution of π (this is lear for the
double points, for the En-points of the entral bre, see Corollary 6.29 and Remark 6.30).
(2) Our aim is now to prove that, given π : X → ∆ as in (2), the normal rossing redution
algorithm 7.3 resolves the singularities of the total spae X and produes a entral bre whose
support has global normal rossings.
In general, the degeneration π : X→ ∆ we start with here in (2) will be the output of the
Gorenstein redution algorithm 7.2 applied to an arbitrary degeneration of smooth surfaes
to a good Zappati one.
(Step 1) By Proposition 6.17, if X has an En-point p, n > 3, then either X has multipliity
n at p, or n 6 4 and X has at most a double point at p. In this step we onsider only the
former possibility, sine the other ases are onsidered in the next steps. Let X′ → X be the
blow-up of X at p. By Proposition 6.24, the exeptional divisor E is a Gorenstein surfae of
degree n in Pn whih is one of the following:
(I) an irreduible del Pezzo surfae, possible only if n 6 6;
(II) a union F = F1 ∪ F2 of two irreduible omponents F1 and F2 suh that F1 ∩ F2 is a
(possibly reduible) oni; the surfae Fi, i = 1, 2, is either a smooth rational normal
ubi sroll, or a quadri, or a plane;
(III) a Zappati surfae, whose m 6 n irreduible omponents meet along lines and are
either planes or smooth quadris; moreover E has a unique Zappati singularity, whih
is an Em-point.
In ase (I), the del Pezzo surfae E has at most isolated rational double points.
In ase (II), the surfae E is Zappati unless either the oni is reduible or one of the two
omponents is a quadri one. Note that, if F1 ∩ F2 is a oni with a double point p
′
, then
F1 and F2 are tangent at p
′
and E has not normal rossings.
Let X ′ be the proper transform of X . The urve Γ = E ∩X ′ is a stik urve CEn. In ase
(II), if an irreduible omponent of E is a quadri one, the vertex of the one is a double
point of Γ and X′ also has a double point there. In ase (III), the urve Γ, being nodal, does
not ontain the Em-point of E. As in (1), one sees that the singular points of Γ are either
smooth or double points for X
′
.
In ases (I) and (II), we have eliminated the original Zappati En singularity; in ase (III),
we have a single Em (m 6 n) point to still onsider. Whatever extra double points have been
introdued, will be handled in later steps.
As in (1), also Step 1 is repeated nitely many times e.g. by Proposition 3.4.13 in [34℄.
(Step 2) Now the total spae X of the degeneration has at most double points. Suppose that
X is singular in dimension one and let γ be an irreduible urve whih is double for X. Then
γ lies in the intersetion of two irreduible omponents X1 and X2 of X . By Denition 3.2
of Zappati surfae and the previous steps, one has that γ is smooth and the intersetion of
X1 and X2 is transversal at the general point of γ.
Now let X′ → X be the blow-up of X along γ. Let E be the exeptional divisor and X ′i,
i = 1, 2, be the proper transform of Xi in X
′
. Let p be the general point of γ. Note that there
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are eetive Cartier divisors of X through p having a node at p. Therefore there are eetive
Cartier divisors of X through p having at p a double point of type Ak, for some k > 1. Sine
the exeptional divisor of a minimal resolution of suh a point does not ontain multiple
omponents, we see that E must be redued. Then E is a oni bundle and γi = E ∩ X
′
i,
i = 1, 2, is a setion of E isomorphi to γ.
Let C be the general ruling of E. If C is irreduible, then E is irreduible and has at most
isolated double points. We remark moreover that γ1 and γ2 are generially smooth for the
total spae X
′
, sine they are generially smooth for E, whih is a Cartier divisor of X′. In
this ase, we got rid of the double urve.
Let C = r1∪ r2 be reduible into two distint lines. We may assume that ri∩γi, i = 1, 2, is
a point whereas ri ∩γ3−i = ∅. This implies that E is reduible; one omponent meets X
′
1 and
the other meetsX ′2. Hene we may write E = F1∪F2, where Fi meets generially transversally
X ′i along γi, i = 1, 2. It may happen that F1 and F2 meet, generially transversally, along
nitely many bres of their rulings; away from these, they meet along the urve γ′, whose
general point is r1 ∩ r2.
We note that γ′, being isomorphi to γ, is smooth. Moreover, a loal omputation shows
that F1 and F2 meet transversally at a general point of γ
′
. If the general point of γ′ is smooth
for X′, we have nothing to do with γ′, otherwise we go on blowing-up X′ along γ′. As usual,
after nitely many blow-ups we get rid of all the urves whih are double for the total spae.
(Step 3) Now the total spae X of the degeneration has at most isolated double points. Let
X
red
be the support of the entral bre X . Note that, the rst time one reahes this step,
one has that X
red
= X , whih implies that X
red
is Cartier. In what follows, we only require
that in a neighborhood of the singular points where we apply this step, the redued set of
omponents is Cartier.
By the disussion of the previous steps, one sees that a double point p of X an be of the
following types (f. Figure 10):
(a) an isolated double point of X
red
;
(b) a point of a double urve of X
red
;
(c) an E3-point of Xred;
(d) an E4-point of Xred;
(e) a quadruple point ofX
red
whih lies in the intersetion of three irreduible omponents
X1, X2 and X3 of Xred; two of them, say X2 and X3, are smooth at p, whereas X1
has a rational double point of type Ak, k > 1, at p. In this ase, X2 ∪X3 and X1 are
both omplete intersetion of X loally at p.
p • •p
•
γ1
γ2 γ3
•
γ1γ2
γ3 γ4 •
γ1
γ2 γ3
X1
(a) (b) (c) (d) (e)
Figure 10. Types of double points of the total spae X.
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Double points of type (a) may appear either in Step 1, if the exeptional divisor is a
singular del Pezzo surfae, or in Step 2, if the exeptional divisor is a singular oni bundle.
In both ases, they are rational double points for X
red
. By resolving them, one learly gets
as exeptional divisors only rational surfaes meeting eah other (and the proper transform
of the entral bre) along rational urves.
Consider a double point p of type (b), so p lies on a double urve whih is in the intersetion
of two irreduible omponents X1 and X2 of Xred. Let X
′ → X be the blow-up of X at p and
let E be the exeptional divisor, whih is a quadri surfae in P3. Denote by X ′i the proper
transform of Xi, i = 1, 2, and by p
′
the point p′ = E ∩X ′1 ∩X
′
2. Sine a general hyperplane
setion of X1 ∪X2 at p is a urve with a node at p, the quadri E is either:
(i) a smooth quadri meeting X ′i, i = 1, 2, along a line; or
(ii) an irreduible quadri one with vertex p′; or
(iii) the union of two distint planes meeting along a line γ passing through p′.
In ase (i), we resolved the singularity of the total spae at p. In ase (ii), the new total spae
X′ has an isolated double point of type (e) at p′. In ase (iii), there are two possibilities: if
the line γ is a double urve of X′, then we go bak to Step 2, otherwise X′ has an isolated
double point of type (d).
Let p be a double point of type (). Aording to Proposition 6.17, the embedding dimension
of X at p is 4 and the entral bre is loally analytially near p a hyperplane setion of X.
Sine the multipliity of the singularity of the threefold is two, and the multipliity of the
entral bre at this point is three, the loally analyti hyperplane setion must ontain a
omponent of the tangent one of the threefold singularity. This tangent one is therefore
a quadri whih has rank at most two: it is either two distint hyperplanes or a double
hyperplane (i.e. a hyperplane ounted twie). In fat a loal omputation shows that the
latter annot happen. In the former ase, when one blows up X at p, one introdues two
planes in the new entral bre. One of these planes meets the proper transforms of the three
omponents eah in a line, forming a triangle in that plane; this plane is double in the new
entral bre. (Note that at this point we introdue a non-redued omponent of the entral
bre; but the rest of the algorithm does not involve this multiple omponent.) The other
of the planes, whih is simple in the new entral bre, meets eah of the proper transforms
at a single distint point, whih is still an ordinary double point of the total spae. Three
more blow-ups, one eah at these double points, loally resolve the total spae. (This analysis
follows from a loal omputation.)
Consider now a double point p of type (d). By Proposition 6.17, loally the tangent one
of X at p is a quadri one in P3 and the tangent one T of X
red
at p is obtained by utting it
with another quadri one in P3, hene T is a one in P4 over a redued, projetively normal
urve of degree 4 and arithmeti genus 1 whih spans a P3. Let X′ → X be the blow-up of X
at p and let E be the exeptional divisor. Then E is a quadri meeting the proper transform
of X along a stik urve CE4, therefore E is either
(i) a smooth quadri; or
(ii) the union of two distint planes meeting along a line γ.
In ase (i), we resolved the singularity of X at p. In ase (ii), there are two possibilities: if the
line γ is a double urve of X′, then we go bak to Step 2, otherwise X′ has again two isolated
double points of type (d) at the intersetion of γ with the proper transform of X
red
.
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Here we have reated double omponents of the entral bre, namely the exeptional divisor
is ounted twie. However this exeptional divisor is a Cartier divisor, and therefore X
red
is
also a Cartier divisor loally near this exeptional divisor.
Finally let p = X1 ∩ X2 ∩ X3 be a double point of type (e). As in the ase of type (d),
loally the tangent one of X at p is a quadri one in P3, whereas the tangent one T of
X
red
at p is a one in P4 over a redued, projetively normal urve of degree 4 and arithmeti
genus 1 whih spans a P3. Let X′ → X be the blow-up of X at p and let E the exeptional
divisor. Denote by p′ the intersetion of E with the proper transform of X2 and X3. Then
E is a quadri meeting the proper transform of X
red
along the union of two lines and a oni
spanning a P3, therefore E is either
(i) a smooth quadri; or
(ii) a quadri one with vertex at p′; or
(iii) a pair of planes.
In ase (i), we resolved the singularity of the total spae at p. In ase (ii), the total spae
X′ has at p′ again a point of type (e). More preisely, if p is a rational double point of type
Ak, then p
′
is a rational double point of type Ak−1 for E. In ase (iii), the line of intersetion
of the two planes may be singular for the new total spae; if so, we return to Step 2. If not,
there are again isolated double points of type (d) and we iterate this step again.
As in the ase of type (d), the redued entral bre remains Cartier in a neighborhood of
the new exeptional lous.
It is lear that, after having repeated nitely many times Steps 2 and 3, one resolves the
singularities of the total spae at the double points of these ve types (a)-(e).
We remark that we an proeed, in Step 3, by rst resolving all of the points of type (),
and that suh points are not reated in the resolutions of points of type (d) and (e). In fat
they are not reated in any later step of the algorithm. Indeed, anytime three omponents
X1, X2, and X3 onur at a point as in type () where at least one of the three surfaes has
been reated by blowing-up, we laim that exatly one of the three surfaes has been reated
by blowing-up (i.e., is an exeptional divisor). Sine suh an exeptional divisor is loally
Cartier and smooth at the point, then the total spae is smooth at the point and therefore the
point annot be of type (). To prove the laim, note that the only other possibility is that
two of the three omponents, say X2 and X3 belong to an exeptional divisor. By blowing
them down, then X1 aquires a singular point whih is worse than an ordinary double point,
whih is impossible.
(Step 4) Let p be an isolated double point of the entral bre X whih is a smooth point of
X. Aording to the previous steps, p is either a rational double point of a del Pezzo surfae
or the singular point of a redued bre of a oni bundle. In both ases, the singularity of X
at p is resolved by nitely many blow-ups. Sine p is a smooth point of X, the exeptional
divisor of eah blow-up is a plane.
(Step 5) Following the previous steps, one sees that the support of the entral bre X has
global normal rossings, exept at the points p, where two omponents X1 and X2 of X meet
along a urve with a node at p. Note that X1 and X2 are indeed tangent at p.
If one blows-up X at p, the exeptional divisor E is a plane meeting the proper transform
X ′i of Xi, i = 1, 2, along a line γ, whih is a (−1)-urve both on X
′
1 and X
′
2. The support
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of the new entral bre has not yet normal rossings. However a further blow-up along γ
produes the normal rossing redution. 
8. Combinatorial omputation of K2
The results ontained in Setions 6 and 7 will be used in this setion to prove ombinatorial
formulas for K2 = K2
Xt
, where Xt is a smooth surfae whih degenerates to a good Zappati
surfae X0 = X =
⋃v
i=1Xi, i.e. Xt is the general bre of a degeneration of surfaes whose
entral bre is good Zappati (f. Notation 5.5).
Indeed, by using the ombinatorial data assoiated to X and GX (f. Denition 3.6 and
Notation 3.12), we shall prove the following main result:
Theorem 8.1. (f. [9, Theorem 6.1℄) Let X→ ∆ be a degeneration of surfaes whose entral
bre is a good Zappati surfae X = X0 =
⋃v
i=1Xi. Let Cij = Xi ∩Xj be a double urve of
X, whih is onsidered as a urve on Xi, for 1 6 i 6= j 6 v.
If K2 := K2
Xt
, for t 6= 0, then (f. Notation 3.12):
(8.2) K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
− 8e +
∑
n>3
2nfn + r3 + k,
where k depends only on the presene of Rn- and Sn-points, for n > 4, and preisely:
(8.3)
∑
n>4
(n− 2)(rn + sn) 6 k 6
∑
n>4
(
(2n− 5)rn +
(
n− 1
2
)
sn
)
.
In ase X is an embedded degeneration and X is also planar, we have the following:
Corollary 8.4. Let X→ ∆ be an embedded degeneration of surfaes whose entral bre is a
good planar Zappati surfae X = X0 =
⋃v
i=1Πi. Then:
(8.5) K2 = 9v − 10e+
∑
n>3
2nfn + r3 + k
where k is as in (8.3) and depends only on the presene of Rn- and Sn-points, for n > 4.
Proof. Clearly gij = 0, for eah 1 6 i 6= j 6 v, whereas C
2
ij = 1, for eah pair (i, j) s.t.
eij ∈ E, otherwise C
2
ij = 0. 
The proof of Theorem 8.1 will be done in several steps. The rst one is to ompute K2
when X has only En-points. In this ase, and only in this ase, KX is a Cartier divisor (f.
Remark 3.4).
Theorem 8.6. (f. [9, Theorem 6.6℄) Under the assumptions of Theorem 8.1, if X =
⋃v
i=1Xi
has only En-points, for n > 3, then:
(8.7) K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
− 8e+
∑
n>3
2nfn.
Proof. Reall that, in this ase, the total spae X is Gorenstein (f. Remark 6.30). Thus, KX
is a Cartier divisor on X. Therefore KX is also Cartier and it makes sense to onsider K
2
X
and the adjuntion formula states KX = (KX+X)|X .
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We laim that
(8.8) KX |Xi = (KX+X)|Xi = KXi + Ci,
where Ci =
∑
j 6=iCij is the union of the double urves ofX lying on the irreduible omponent
Xi, for eah 1 6 i 6 v. Sine OX(KX) is invertible, it sues to prove (8.8) o the En-points.
In other words, we an onsider the surfaes Xi as if they were Cartier divisors on X. Then,
we have:
(8.9) KX |Xi = (KX+X)|Xi =
(
KX+Xi +
∑
j 6=i
Xj
)
|Xi
= KXi + Ci,
as we had to show. Furthermore:
K2 = (KX+ Xt)
2 · Xt = (KX+X)
2 ·X = (KX+X)
2 ·
v∑
i=1
Xi =
v∑
i=1
(
(KX+X)|Xi
)2
=
=
v∑
i=1
(K2Xi + 2CiKXi + C
2
i ) =
v∑
i=1
K2Xi +
v∑
i=1
CiKXi +
v∑
i=1
Ci(Ci +KXi) =
=
v∑
i=1
K2Xi +
v∑
i=1
(
∑
j 6=i
Cij)KXi +
v∑
i=1
2(pa(Ci)− 1).(8.10)
As in Notation 3.12, Cij =
∑hij
t=1 C
t
ij is the sum of its disjoint, smooth, irreduible ompo-
nents, where hij is the number of these omponents. Thus,
CijKXi =
hij∑
t=1
(CtijKXi),
for eah 1 6 i 6= j 6 v. If we denote by gtij the geometri genus of the smooth, irreduible
urve Ctij, by the Adjuntion Formula on eah C
t
ij, we have the following intersetion number
on the surfae Xi:
CijKXi =
hij∑
t=1
(2gtij − 2− (C
t
ij)
2) = 2gij − 2hij − C
2
ij,
where the last equality follows from the denition of geometri genus of Cij and the fat that
CsijC
t
ij = 0, for any 1 6 t 6= s 6 hij .
Therefore, by the distributivity of the intersetion form and by (8.10), we get:
K2 =
v∑
i=1
K2Xi +
v∑
i=1
(
∑
j 6=i
(2gij − 2hij)− C
2
ij) +
v∑
i=1
2(pa(Ci)− 1).(8.11)
For eah index i, onsider now the normalization νi : C˜i → Ci of the urve Ci lying on Xi;
this determines the short exat sequene:
(8.12) 0→ OCi → (νi)∗(OC˜i)→ ti → 0,
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where ti is a sky-sraper sheaf supported on Sing(Ci), as a urve in Xi. By using Notation
3.12, the long exat sequene in ohomology indued by (8.12) gives that:
χ(OCi) + h
0(ti) =
∑
j 6=i
hij∑
t=1
χ(OCtij ) =
∑
j 6=i
(hij − gij).
Sine χ(OCi) = 1− pa(Ci), we get
(8.13) pa(Ci)− 1 =
∑
j 6=i
(gij − hij) + h
0(ti), 1 6 i 6 v.
By plugging Formula (8.13) in (8.11), we get:
K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
− 8e+ 2
v∑
i=1
h0(ti).(8.14)
To omplete the proof, we need to ompute h0(ti). By denition of ti, this omputation
is a loal problem. Suppose that p is an En-point of X lying on Xi, for some i. By the
very denition of En-point (f. Denition 3.1 and Example 2.8), p is a node for the urve
Ci ⊂ Xi; therefore h
0(ti|p) = 1. The same holds on eah of the other n − 1 urves Cj ⊂ Xj ,
1 6 j 6= i 6 n, onurring at the En-point p. Therefore, by (8.14), we get (8.7). 
Proof of Theorem 8.1. The previous argument proves that, in this more general ase, one has:
(8.15) K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
− 8e+ 2
v∑
i=1
h0(ti)− c
where c is a positive orretion term whih depends only on the points where X is not
Gorenstein, i.e. at the Rn- and Sn-points of its entral bre X .
To prove the statement, we have to ompute:
(i) the ontribution of h0(ti) given by the Rn- and the Sn-points of X , for eah 1 6 i 6 v;
(ii) the orretion term c.
For (i), suppose rst that p is a Rn-point of X and let Ci be one of the urves passing
through p. By denition (f. Example 2.7), the point p is either a smooth point or a node
for Ci ⊂ Xi. In the rst ase we have h
0(ti|p) = 0 whereas, in the latter, h
0(ti|p) = 1. More
preisely, among the n indexes involved in the Rn-point there are exatly two indexes, say i1
and in, suh that Cij is smooth at p, for j = 1 and j = n, and n−2 indexes suh that Cij has
a node at p, for 2 6 j 6 n − 1. On the other hand, if we assume that p is a Sn-point, then
p is an ordinary (n− 1)-tuple point for only one of the urves onurring at p, say Ci ⊂ Xi,
and a simple point for all the other urves Cj ⊂ Xj, 1 6 j 6= i 6 n. Reall that an ordinary
(n− 1)-tuple point ontributes
(
n−1
2
)
to h0(ti).
Therefore, from (8.15), we have:
K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
−8e+
∑
n>3
2nfn+
∑
n>3
2(n−2)rn+
∑
n>4
(n−1)(n−2)sn− c.
In order to ompute the orretion term c, we have to perform a partial resolution of X at
the Rn- and Sn-points of X , whih makes the total spae Gorenstein; i.e. we have to onsider
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a Gorenstein redution of the degeneration X→ ∆.This will give us (8.2), i.e.
K2 =
v∑
i=1
(
K2Xi +
∑
j 6=i
(4gij − C
2
ij)
)
− 8e +
∑
n>3
2nfn + r3 + k,
where
k :=
∑
n>3
2(n− 2)rn − r3 +
∑
n>4
(n− 1)(n− 2)sn − c.
From Algorithm 7.2 and Proposition 7.4 - (1), we know that X→ ∆ admits a Gorenstein
redution; we now onsider a detailed analysis of this Gorenstein redution in order to om-
pute the ontribution c. It is lear that the ontribution to c of eah suh point is purely
loal. In other words,
c =
∑
x
cx
where x varies in the set of Rn- and Sn-points of X and where cx is the ontribution at x to
the omputation of K2 as above.
In the next Proposition 8.16, we shall ompute suh loal ontributions. This result,
together with Theorem 8.6, will onlude the proof. 
Proposition 8.16. In the hypothesis of Theorem 8.1, if x ∈ X is a Rn-point then:
n− 2 > cx > 1,
whereas if x ∈ X is a Sn-point then:
(n− 2)2 > cx >
(
n− 1
2
)
.
Proof. Sine the problem is loal, we may (and will) assume that X is Gorenstein, exept at a
point x, and that eah irreduible omponent Xi of X passing through x is a plane, denoted
by Πi.
First we will deal with the ase n = 3.
Claim 8.17. If x is a R3-point, then
cx = 1.
Proof of the laim. From Proposition 7.4-(1), let us blow-up the point x ∈ X as in Corollary
6.28.
E1 E2 E3
E
Π′1 Π
′
2 Π
′
3
blow-up x
−−−−−→ •
x
Π1
Π2
Π3
Figure 11. Blowing-up a R3-point x.
ON DEGENERATIONS OF SURFACES 45
We get a new total spae X′. We denote by E the exeptional divisor, by Π′i the proper
transform of Πi and by X
′ = ∪Π′i the proper transform of X , as in Figure 11. We remark
that the three planes Πi, i = 1, 2, 3, onurring at x, are blown-up in this proess, whereas
the remaining planes stay untouhed. We all Ei the exeptional divisor on the blown-up
plane Πi. Let Γ = E1 + E2 + E3 be the intersetion urve of E and X
′
. By Corollary 6.28,
E is a non-degenerate surfae of degree 3 in P4, with Γ as a hyperplane setion.
Suppose rst that E is irreduible. Then X′ is Gorenstein and by adjuntion:
(8.18) K2 = (KX′ + Γ)
2 + (KE + Γ)
2.
Sine E is a rational normal ubi sroll in P4, then:
(8.19) (KE + Γ)
2 = 1,
whereas the other term is:
(KX′ + Γ)
2 =
∑
i
(KX′|Π′i + ΓΠ′i)
2 =
3∑
i=1
(KX′|Π′i + Ei)
2 +
∑
j>4
K2X′|Π′j .
Reasoning as in the proof of Theorem 8.6, one sees that∑
j>4
K2X′|Π′j =
∑
j>4
(wj − 3)
2.
On the other hand, one has
(KX′|Π′i + Ei)
2 = (wi − 3)
2 − 1, i = 1, 3, (KX′|Π′
2
+ E2)
2 = (w2 − 3)
2.
Putting all together, it follows that cx = 1.
Suppose now that E is reduible and X ′ is still Gorenstein. In this ase E is as desribed
in Proposition 6.24 (ii), b, and in Corollary 6.28 and the proof proeeds as above, one one
remarks that (8.19) holds. This an be left to the reader to verify (see Figure 12).
1 0
01
E1
1
E2
0
E3
0
Figure 12. E splits in a plane and a quadri.
Suppose that E is reduible and X ′ is not Gorenstein. This means that E onsists of a one
over a CR3 with vertex x
′
, hene x′ is again a R3-point. Therefore, as in Proposition 7.4-(1),
we have to repeat the proess by blowing-up x′. After nitely many steps this proedure stops
(f. e.g. Proposition 3.4.13 in [34℄). In order to onlude the proof in this ase, one has simply
to remark that no ontribution to K2 omes from the surfaes reated in the intermediate
steps.
To see this, it sues to make this omputation when only two blow-ups are needed. This
is the situation showed in Figure 13 where:
• X′′ → X′ is the blow-up at x′,
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A1 A2 A3
E ′′
P ′1 P
′
2 P
′
3
Π′1 Π
′
2 Π
′
3
blow-up x′
−−−−−−→
E1 E2 E3
•x
′
Π′1 Π
′
2 Π
′
3
P1 P2 P3
Figure 13. blowing-up a R3-point x
′
innitely near to the R3-point x
• X ′ =
∑
Π′i the proper transform of X
′
on X′′,
• E ′ = P ′1 + P
′
2 + P
′
3 is the strit transform of E = P1 + P2 + P3 on X
′′
,
• E ′′ is the exeptional divisor of the blow-up.
We remark that P ′i , i = 1, 2, 3, is the blow-up of the plane Pi. We denote by Λi the pullbak
to P ′i of a line, and by Ai the exeptional divisor of P
′
i . Then their ontributions to the
omputation of K2 are:
(KP ′i + Λi + (Λi −Ai) + Ai)
2 = (−Λi + Ai)
2 = 0, i = 1, 3,
(KP ′
2
+ Λ2 + 2(Λ2 − A2) + A2)
2 = 0.
This onludes the proof of Claim 8.17. 
Consider now the ase that n = 4 and x is a R4-point.
Claim 8.20. If x is a R4-point, then
2 > cx > 1.
Proof of the laim. As before, we blow-up the point x ∈ X; let X′ be the new total spae and
let E be the exeptional divisor. By Corollary 6.28, E is a non-degenerate surfae of minimal
degree in P5 with Γ = E1 +E2 +E3 +E4 as a hyperplane setion. By Proposition 6.24, E is
reduible and the following ases may our:
(i) E has global normal rossings, in whih ase E onsists of two quadris Q1, Q2 meeting
along a line (see Figure 14);
E1
E2 E3
E4
Π′2 Π
′
3
Q1 Q2
Π′1 Π
′
4
Figure 14. The exeptional divisor E has global normal rossings.
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E1
E2 E3
E4
A1 A2
Q
Π′2 Π
′
3
Π′1 Π
′
4
P1 P2
•x
′
A1
E1
E2 E3
E4
A2
Π′2 Π
′
3
Q P2P1
Π′1 Π
′
4
•x
′
a) The quadri in the middle b) The quadri on one side
Figure 15. E onsists of a quadri and two planes and has a R3-point x
′
.
(ii) E has one R3-point x
′
, in whih ase E onsists of a quadri Q and two planes P1, P2
(see Figure 15);
(iii) E has two R3-points x
′, x′′, in whih ase E onsists of four planes P1, . . . , P4, i.e. a
planar Zappati surfae whose assoiated graph is the tree R4 (see Figure 16);
A2
E1
E2 E3
E4
A1
Π′2 Π
′
3
P1
P2 P3
Π′1 Π
′
4
•x
′
•x
′′
P4
A3
Figure 16. E onsists of four planes and has two R3-points x
′, x′′.
(iv) E has one R4-point x
′
, in whih ase E onsists of four planes, i.e. a planar Zappati
surfae whose assoiated graph is an open 4-fae (f. Figures 5, 6 and 17).
In ase (i), X′ is Gorenstein and we an ompute K2 as we did in the proof of Claim 8.17.
Formula (8.18) still holds and one has (KE + Γ)
2 = 0, whereas:
(8.21) (KX′+Γ)
2 =
∑
i
(KX′|Π′i+ΓΠ′i)
2 =
4∑
i=1
(KX′|Π′i+Ei)
2+
∑
j>4
K2X′|Π′j =
∑
j>1
(wj−3)
2−2,
beause the omputations on the blown-up planes Π′1, . . . ,Π
′
4 give:
(KX′|Π′i + Ei)
2 = (wi − 3)
2 − 1, i = 1, 4, (KX′|Π′i + Ei)
2 = (wi − 3)
2, i = 2, 3.
This proves that cx = 2 in this ase.
In ase (ii), there are two possibilities orresponding to ases (a) and (b) of Figure 15. Let
us rst onsider the former possibility. By Claim 8.17, in order to ompute K2 we have to
add up three quantities:
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• the ontribution of (KX′ + Γ)
2
, whih is omputed in (8.21);
• the ontribution to K2 of E, as if E had only global normal rossings, i.e.:
(KP1 + A1 + E1)
2 + (KP2 + A2 + E4)
2 + (KQ + A1 + A2 + E2 + E3)
2 = 2
• the ontribution of the R3-point x
′
, whih is cx′ = 1 by Claim 8.17.
Putting all this together, it follows that cx = 1 in this ase. Consider now the latter possibility,
i.e. suppose that the quadri meets only one plane. We an ompute the three ontributions
to K2 as above: the ontribution of (KX′+Γ)
2
and of the R3-point x
′
do not hange, whereas
the ontribution to K2 of E, as if E had only global normal rossings, is:
(KQ + A1 + E1 + E2)
2 + (KP1 + A1 + A2 + E3)
2 + (KP4 + A3 + E4)
2 = 1,
therefore we nd that cx = 2, whih onludes the proof for ase (ii).
In ase (iii), we use the same strategy as in ase (ii), namely we add up (KX′ + Γ)
2
, the
ontribution to K2 of E, as if E had only global normal rossings, whih turns out to be 2,
and then subtrat 2, beause of the ontribution of the two R3-points x
′, x′′. Summing up,
one nds cx = 2 in this ase.
In ase (iv), we have to repeat the proess by blowing-up x′, see Figure 17. After nitely
many steps (f. e.g. Proposition 3.4.13 in [34℄), this proedure stops in the sense that the
exeptional divisor will be as in ase (i), (ii) or (iii).
E ′′
P ′1 P
′
2 P
′
3 P
′
4
Π′1 Π
′
2 Π
′
3 Π
′
4
blow-up x′
−−−−−−→ E1
E2 E3
E4
Π′1
Π′2 Π
′
3
Π′4
P1
P2 P3
P4
•x
′
Figure 17. Blowing-up a R4-point x
′
innitely near to x.
In order to onlude the proof of Claim 8.20, one has to remark that no ontribution to K2
omes from the surfaes reated in the intermediate steps (the blown-up planes P ′i in Figure
17). This an be done exatly in the same way as we did in the proof of Claim 8.17. 
Remark 8.22. The proof of Claim 8.20 is purely ombinatorial. However there is a nie
geometri motivation for the two ases cx = 2 and cx = 1, when x is a R4-point, whih resides
in the fat that the loal deformation spae of a R4-point is reduible. This orresponds to
the fat that the one over CR4 an be smoothed in both a Veronese surfae and a rational
normal quarti sroll, whih have K2 = 9 and K2 = 8, respetively.
Consider now the ase that x is a Rn-point.
Claim 8.23. If x is a Rn-point, then
(8.24) n− 2 > cx > 1.
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Proof of the laim. The laim for n = 3, 4 has already been proved, so we assume n > 5 and
proeed by indution on n. As usual, we blow-up the point x ∈ X.
By Corollary 6.28, the exeptional divisor E is a non-degenerate surfae of minimal degree
in Pn+1 with Γ = E1 + . . .+En as a hyperplane setion. By Proposition 6.24, E is reduible
and the following ases may our:
(i) E onsists of ν > 3 irreduible omponents P1, . . . , Pν, whih are either planes or
smooth quadris, and E has h Zappati singular points x1, . . . , xh of type Rm1 , . . . , Rmh
suh that mi < n, i = 1, . . . , h;
(ii) E has one Rn-point x
′
, in whih ase E onsists of n planes, i.e. a planar Zappati
surfae whose assoiated graph is an open n-fae.
In ase (ii), one has to repeat the proess by blowing-up x′. After nitely many steps (f.
e.g. Proposition 3.4.13 in [34℄), the exeptional divisor will neessarily be as in ase (i). We
remark that no ontribution to K2 omes from the surfaes reated in the intermediate steps,
as one an prove exatly in the same way as we did in the proof of Claim 8.17.
Thus, it sues to prove the statement for the ase (i). Notie that X′ is not Gorenstein,
nonetheless we an ompute K2 sine we know (the upper and lower bounds of) the ontri-
bution of xi by indution. We an indeed proeed as in ase (ii) of the proof of Claim 8.20,
namely, we have to add up three quantities:
• the ontribution of (KX′ + Γ)
2
;
• the ontribution to K2 of E, as if E had only global normal rossings;
• the ontributions of the points xi whih is known by indution.
Let us ompute these ontributions. As for the rst one, one has:
(KX′ + Γ)
2 =
n∑
i=1
(KX′|Π′i + Ei)
2 +
∑
j>n
K2X′|Π′j =
∑
j>1
(wj − 3)
2 − 2,
sine the omputations on the blown-up planes Π′1, . . . ,Π
′
n give:
(KX′|Π′i + Ei)
2 = (wi − 3)
2 − 1, i = 1, n,
(KX′|Π′i + Ei)
2 = (wi − 3)
2, 2 6 i 6 n− 1.
In order to ompute the seond ontribution, one has to introdue some notation, preisely
we let:
• P1, . . . , Pν be the irreduible omponents of E, whih are either planes or smooth
quadris, ordered in suh a way that the intersetions in odimension one are as
follows: Pi meets Pi+1, i = 1, . . . , ν − 1, along a line;
• Ai be the line whih is the intersetion of Pi and Pi+1;
• εi = deg(Pi)− 1, whih is 0 if Pi is a plane and 1 if Pi is a quadri;
• j(i) = i +
∑i−1
k=1 εj. With this notation, if Pi is a plane, it meets the blown-up plane
Π′j(i) along Ej(i), whereas if Pi is a quadri, it meets the blown-up planes Π
′
j(i) and
Π′j(i)+1 along Ej(i) and Ej(i)+1, respetively.
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Then the ontribution to K2 of E, as if E had only global normal rossings, is:
(KP1 + A1 + E1 + ε1E2)
2 + (KPν + Aν−1 + ενEn−1 + En)
2+
+
ν−1∑
i=2
(KPi + Ai−1 + Ai + Ej(i) + εiEj(i)+1)
2 = 2− ε1 − εν .
Finally, by indution, the ontribution
∑h
i=1 cxi of the points xi is suh that:
ν − 2 =
h∑
i=1
(mi − 2) >
h∑
i=1
cxi >
h∑
i=1
1 = h,
where the rst equality is just (6.25).
Putting all this together, it follows that:
cx = ε1 + εν +
h∑
i=1
cxi,
hene an upper bound for cx is
cx 6 ε1 + εν + ν − 2 6 n− 2,
beause n = ν +
∑ν
i=1 εi, whereas a lower bound is
(8.25) cx > ε1 + εν + h > h > 1,
whih onludes the proof of Claim 8.23. 
Remark 8.26. If cx = 1, then in (8.25) all inequalities must be equalities, thus h = 1 and
ε1 = εν = 0. This means that there is only one point x1 innitely near to x, of type Rν ,
and that the external irreduible omponents of E, i.e. P1 and Pν , are planes. There is no
ombinatorial obstrution to this situation.
For example, let x be a Rn-point suh that the exeptional divisor E onsists of ν = n− 1
irreduible omponents, namely n − 2 planes and a quadri adjaent to two planes, forming
a Rn−1-point x
′
. By the proof of Claim 8.20 (ase (ii), former possibility), it follows that
cx = cx′ . Sine, as we saw, the ontribution of a R4-point an be 1, by indution we may
have that also a Rn-point ontributes by 1.
From the proof of Claim 8.23, it follows that the upper bound cx = n− 2 is attained when
for example the exeptional divisor E onsists of n planes forming n− 2 points of type R3.
More generally, one an see that there is no ombinatorial obstrution for cx to attain any
possible value between the upper and lower bounds in (8.24).
Finally, onsider the ase that x is of type Sn.
Claim 8.27. If x is a Sn-point, then
(8.28) (n− 2)2 > cx >
(
n− 1
2
)
.
Proof. We remark that we do not need to take are of 1-dimensional singularities of the total
spae of the degeneration, as we have already noted in Claim 8.23.
Notie that S3 = R3 and, for n = 3, Formula (8.28) trivially follows from Claim 8.17. So
we assume n > 4. Blow-up x, as usual; let X′ be the new total spae and E the exeptional
divisor. By Proposition 6.24, three ases may our: either
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(i) E has global normal rossings, i.e. E is the union of a smooth rational normal sroll
X1 = S(1, d − 1) of degree d, 2 6 d 6 n, and of n − d disjoint planes P1, . . . , Pn−d,
eah meeting X1 along dierent lines of the same ruling; or
(ii) E is a union of n planes P1, . . . , Pn with h Zappati singular points x1, . . . , xh of type
Sm1 , . . . , Smh suh that 3 6 mi < n, i = 1, . . . , h, and (6.26) holds; or
(iii) E is a union of n planes with one Sn-point x
′
.
In ase (iii), one has to repeat the proess by blowing-up x′. After nitely many steps (f.
e.g. Proposition 3.4.13 in [34℄), the exeptional divisor will neessarily be as in ases either
(i) or (ii). We remark that no ontribution to K2 omes from the surfaes reated in the
intermediate steps. Indeed, by using the same notation of the Rn-ase in Claim 8.17, if x is a
Sn point and if Π1 is the plane orresponding to the vertex of valene n− 1 in the assoiated
graph, we have (f. Figure 18):
(KP ′
1
+ Λ1 + A1 + (n− 1)(Λ1 − A1))
2 = (n− 3)2 − (n− 3)2 = 0,
(KP ′i + Λi + Ai + (Λi −Ai))
2 = 1− 1 = 0, 2 6 i 6 n.
P ′2 P
′
3 P
′
4 P
′
5
P ′1
E ′′
Π′2 Π
′
3 Π
′
4 Π
′
5
Π′1
blow-up x′
−−−−−−→
•
x′
Π′2 Π
′
3 Π
′
4 Π
′
5
Π′1
P2 P5P3 P4P1
Figure 18. Blowing-up a S5-point x
′
innitely near to a S5-point x
Thus, it sues to prove the statement for the rst two ases (i) and (ii).
Consider the ase (i), namely E has global normal rossings. Then X′ is Gorenstein and we
may ompute K2 as in (8.18). The ontribution of the blown-up planes Π′1, . . . ,Π
′
n (hoosing
again the indexes in suh a way that Π′1 meets Π
′
2, . . . ,Π
′
n in a line) is:
(8.29)
(KX′|Π′i + Ei)
2 = (wi − 3)
2 − 1, i = 2, . . . , n,
(KX′|Π′
1
+ E1)
2 = (w1 − 3)
2 − (n− 3)2,
whereas the ontribution of E turns out to be:
(8.30) (KE + Γ)
2 = 4− n.
Indeed, one nds that:(
(KE + Γ)|X1
)2
= (−A + (n− d− 1)F )2 = d+ 4− 2n,(
(KE + Γ)|Pi
)2
= 1, i = 1, . . . , n− d,
where A is the linear diretrix of X1 and F is its bre, therefore (8.30) holds. Summing up,
it follows that
(8.31) cx = n− 4 + (n− 1) + (n− 3)
2 = (n− 2)2,
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whih proves (8.28) in this ase (i).
In ase (ii), E is not Gorenstein, nonetheless we an ompute K2 sine we know (the upper
and lower bounds of) the ontribution of xi by indution. We an indeed proeed as in ase
(ii) of the proof of Claim 8.20, namely, we have to add up three quantities:
• the ontribution of (KX′ + Γ)
2
, whih has been omputed in (8.29);
• the ontribution to K2 of E, as if E had only global normal rossings, whih is:(
KP1 + E1 +
n∑
i=2
Ai
)2
+
n∑
i=2
(KPi + Ei + Ai)
2 = (n− 3)2 + n− 1,
where Π′1 is the blown-up plane meeting all the other blown-up planes in a line, Ei is
the exeptional urve on Π′i and Ai is the double line intersetion of P1 with Pi;
• the ontribution
∑h
i=1 cxi of the points xi, whih by indution, is suh that:
(8.32)
h∑
i=1
(mi − 2)
2
>
h∑
i=1
cxi >
h∑
i=1
(
mi − 1
2
)
=
(
n− 1
2
)
,
where the last equality is just (6.26).
Putting all together, one sees that
cx =
h∑
i=1
cxi,
hene (8.32) gives the laimed lower bound, as for the upper bound:
cx 6
h∑
i=1
(mi − 2)
2 =
h∑
i=1
(mi − 1)(mi − 2)−
h∑
i=1
(mi − 2)
(∗)
=
(∗)
= (n− 1)(n− 2)−
h∑
i=1
(mi − 2) 6 (n− 1)(n− 2)− (n− 2) = (n− 2)
2,
where the equality (∗) follows from (6.26). This ompletes the proof of Claim 8.27. 
The above Claims 8.23 and 8.27 prove Proposition 8.16 and, so, Theorem 8.1. 
Remark 8.33. Notie that the upper bound cx = (n − 2)
2
is attained when for example
the exeptional divisor E has global normal rossings (f. ase (i) in Claim 8.27). The lower
bound cx =
(
n−1
2
)
an be attained if the exeptional divisor E onsists of n planes forming(
n−1
2
)
points of type S3 = R3.
Contrary to what happens for the Rn-points, not all the values between the upper and the
lower bound are realized by cx, for a Sn-point x. Indeed they are not even ombinatorially
possible. For example, onsider the ase of a S6-point x: the bounds in (8.28) say that
10 6 cx 6 16. If the exeptional divisor E has global normal rossings, then cx = 16.
Otherwise E is a union of planes and has the following Zappati singularities: q5 6 1 points
of type S5, q4 6 3− 2q5 points of type S5 and q3 = 10− 3q4 − 6q5 points of type S3 = R3. It
follows that
cx 6 q3 + 4q4 + 9q5 = 10 + q4 + 3q5 6 13 + q5 6 14.
Therefore the ase cx = 15 annot our if x is a S6-point.
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9. The genus of the fibres of degenerations of surfaes to Zappati ones
In this setion we want to investigate on the behaviour of the geometri genus of the smooth
bres of a degeneration of surfaes to a good Zappati one, in terms of the ω-genus of the
entral bre.
By realling Denition 5.1, the geometri genus of the general bre of a semistable de-
generation of surfaes an be omputed via the Clemens-Shmid exat sequene, f. [43℄.
Clemens-Shmid result implies the following:
Theorem 9.1. Let X =
⋃v
i=1Xi be the entral bre of a semistable degeneration of surfaes
X → ∆. Let GX be the graph assoiated to X and ΦX be the map introdued in Denition
4.1. Then, for t 6= 0, one has:
(9.2) pg(Xt) = h
2(GX ,C) +
v∑
i=1
pg(Xi) + dim(coker(ΦX)).
Then Theorem 9.1 and our Theorem 4.3 imply the following:
Corollary 9.3. Let X→ ∆ be a semistable degeneration of surfaes, so that its entral bre
X = X0 is a good Zappati surfae with only E3-points as Zappati singularities. Then, for
any t 6= 0, one has:
pg(Xt) = pω(X).
Remark 9.4. Let X → ∆ be a degeneration of surfaes with entral bre X . Consider the
dualizing sheaf ωX of X. By general properties of dualizing sheaves, one knows that ωX is
torsion-free as an OX-module. Sine one has the injetion O∆ →֒ OX, then ωX is torsion-free
over ∆. Sine ∆ is the spetrum of a DVR, then ωX is free and therefore at over ∆. By
semi-ontinuity, this implies that, for t 6= 0, pg(Xt) 6 pω(X). The above orollary shows that
equality holds for semistable degenerations of surfaes.
Consider, from now on, a degeneration π : X → ∆ of surfaes with good Zappati entral
bre X = X0. Our main purpose in this setion is to prove Proposition 9.7, where we show
that the ω-genus of the entral bre of a semistable redution π˜ : X˜ → ∆ of π equals the
ω-genus of X . As a onsequene we will have that the ωgenus of the bres of π : X→ ∆ is
onstant (see Theorem 9.9 below), exatly as it happens in the normal rossings ase, as we
saw in Corollary 9.3.
In order to prove Proposition 9.7, we make use of Proposition 7.4. Indeed, let X =
⋃v
i=1Xi
be the entral bre of the original degeneration and let X¯
red
=
⋃w
i=1 X¯i be the support of the
entral bre X¯ of its normal rossing redution obtained as in Proposition 7.4, where w > v.
Next we desribe the relation between the graph G assoiated to X and the one G¯ assoiated
to X¯
red
. By the proof of Proposition 7.4, one has that G is a subgraph of G¯ and we may
assume that X¯i is birational to Xi, i = 1, . . . , v.
Proposition 9.5. (f. [10, Proposition 4.10℄) In the above situation, one has:
(i) pg(X¯i) = 0, i = v + 1, . . . , w;
(ii) dim(coker(ΦX¯
red
)) = dim(coker(ΦX));
(iii) the graphs G and G¯ have the same Betti numbers.
Proof. Following the disussion of Gorenstein redution algorithm 7.2 and of eah Step of
the normal rossing redution algorithm 7.3, one sees that eah new omponent X¯i, i =
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v + 1, . . . , w, of the entral bre is an exeptional divisor of a blow-up, whih is either a
rational or a ruled surfae. This proves (i).
For i = 1, . . . , v, the birational morphism σ¯ : X¯ → X determines a birational morphism
X¯i → Xi whih is the omposition of blow-ups at smooth points of Xi. In order to prove
(ii), we notie that in algorithms 7.2 and 7.3, we have added rational double urves (whih
do not ontribute to the okernel), new rational omponents (whih also do not ontribute to
the okernel), and irrational ruled surfaes, whih are only reated by blowing-up irrational
double urves. Fousing on single suh irrational double urve, one sees that it is replaed by
a ertain number h of irrational ruled surfaes, and by h+1 new double urves. The map on
the H1 level is an isomorphism between the new surfaes and the new urves. Hene there is
no hange in the dimension of the okernel. This onludes the proof of (ii).
In order to prove (iii), let us see what happens at algorithm 7.2 and at eah step of algorithm
7.3.
In algorithm 7.2, one blows-up Rn- and Sn-points of X = X0. An example will illustrate
the key features of the analysis. Let p be a R4-point of X . After blowing-up X at p, there
are ve dierent possible ongurations of the exeptional divisor E (f. the proof of Claim
8.20):
(i) E is the union of two quadris with normal rossings;
(ii) E is the union of a quadri and two planes having a R3-point p
′
, and the quadri is
in the middle;
(iii) E is the union of a quadri and two planes having a R3-point p
′
, and one of the planes
is in the middle;
(iv) E is the union of four planes having two R3-points p
′
, p′′;
(v) E is the union of four planes having a R4-point p
′
.
The orresponding assoiated graphs are illustrated in Figure 19, where the proper transforms
of the four omponents of X onurring at p are the left-hand-side verties in eah graph.
As the pitures show, G is a deformation retrat of the new assoiated graph (onsidered as
CW-omplexes).
PSfrag replaements
p′
PSfrag replaements
p′
PSfrag replaements
p′
p′′
PSfrag replaements
p′
Case (i) Case (ii) Case (iii) Case (iv) Case (v)
Figure 19. After blowing-up a R4-point p, there are ve possibilities
Generally, if one blows-up a Rn- [resp. Sn-℄ point p, in the assoiated graph to X one builds
new 3- and 4- faes (triangles and quadrangles) over the original hain of length n [resp. fork
with n − 1 teeth℄ orresponding to the n omponents of X onurring at p. Therefore it is
always the ase that G is a deformation retrat of the new assoiated graph.
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From this point on there are no more Rn or Sn points ever appearing in the onguration.
However it may happen that at intermediate steps of the algorithm, we do not have strit
normal rossings nor Zappati singularities. If this happens, we still onsider the usual as-
soiated graph to the onguration, namely a vertex for eah omponent, an edge for eah
onneted omponent of an intersetion between omponents, and faes for intersetions of
three or more omponents.
Consider Step 1 of algorithm 7.3. Eah blow-up of an En-point, where the total spae has
multipliity n, has the eet of adding new verties in the interior of the orresponding n-fae
and of adding new edges whih subdivide the n-fae. This does not modify the Betti numbers
of the assoiated graph.
In Step 2 of algorithm 7.3, the blow-up along a double urve determines a subdivision of
the edge orresponding to the double urve and a subdivision of the faes adjaent on that
edge.
In Step 3 of algorithm 7.3, the blow-ups at double points of types (a) and (b) add trees
adjaent only to a vertex or an edge, and again this does not modify the topologial properties
of the graph.
Resolving a double point of type (), one rst subdivides the original triangle of verties
v1, v2, v3 in three triangles; then, setting v0 the new vertex, one adds another vertex v
′
0 above
v0 and three triangles of verties v0, v
′
0, vi, respetively for i = 1, 2, 3. Clearly the resulting
graph retrats bak to a subdivision of the original one.
For a double point of type (d), one subdivides the original quadrangle either in four trian-
gles, if the exeptional divisor E of the blow-up is a smooth quadri, or in two triangles and
two quadrangles as in Figure 20, if E is the union of two planes.
• •
••
• •
Figure 20. Subdivision of a quadrangle in type (d), ase (ii)
For a double point of type (e), one subdivides the original triangle either in three triangles,
if the exeptional divisor E of the blow-up is irreduible, or in a triangle and two quadrangles
as in Figure 21, if E is reduible.
•
•
•
• •
Figure 21. Subdivision of a triangle in type (e), ase (iii)
In all ases, one sees that these modiations, oming from the resolution of double points
of type (), (d) and (e), do not hange the Betti numbers of the assoiated graph.
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Finally, the blow-ups of Steps 4 and 5 add trees adjaent to a vertex or an edge and again
do not modify the Betti number of the assoiated graph. 
We are interested not only in X¯
red
but in X¯ itself. For eah omponent i, let µi be the
multipliity of X¯i in X¯ . For the analysis of the semistable redution, we must understand
rather preisely the omponents of multipliity larger than one.
Corollary 9.6. (f. [10, Corollary 4.11℄) Set C¯ij = X¯i∩ X¯j if X¯i and X¯j meet along a urve,
or C¯ij = ∅ otherwise. If µi > 1, one has the following possibilities:
(i) X¯i is a generially ruled surfae and the urve
∑
j 6=i µjC¯ij is generially supported on
a bisetion of the ruling.
(ii) There is a birational morphism σ : X¯i → P
2
suh that the urve
∑
j 6=i µjC¯ij maps to
four distint lines.
(iii) µi = 4 and X¯i is a smooth quadri; the urve
∑
j 6=i µjC¯ij onsists of two (multipliity
one) bres in one ruling and one double bre from the other ruling.
(iv) X¯i is a smooth quadri and the urve
∑
j 6=i µjC¯ij is linearly equivalent to µiH, where
H is a plane setion of X¯i.
(v) There is a birational morphism σ : X¯i → P
2
suh that the urve
∑
j 6=i µjC¯ij is the
total transform via σ of a plane urve of degree µi supported on two distint lines.
(vi) X¯i is a Hirzebruh surfae F2 and the urve
∑
j 6=i µjC¯ij is of the form µi(H + A),
where A is the (−2)-urve and H is a setion of self-intersetion 2.
Proof. Following the the Gorenstein redution algorithm 7.2 and the steps of the normal
rossing redution algorithm 7.3, one sees that multiple omponents are not reated either
in algorithm 7.2 or in Step 1 of algorithm 7.3. It is possible that a multiple omponent may
be reated in Step 2, by blowing-up a double urve of X
red
whih is the intersetion of two
omponents that have multipliity. This will reate a multiple ruled surfae whose double
urve is a bisetion, giving ase (i).
Multiple omponents of the entral bre X¯ may arise also in Step 3 when one blows-up
double points of types (), (d) and (e). In ase (), two types of multiple omponents appear.
The rst is a plane blown-up at three ollinear points, with multipliity two; the double urve
onsists of the ollinearity line, three other general lines, and the three exeptional divisors
ounted with multipliity four; this is ase (ii). The other type of multiple omponent is a
quadri with multipliity four, giving ase (iii). This analysis follows from the remark we did
at the end of Step 4, where we showed that the three surfaes oming together to form this
singularity of type () eah have multipliity one.
Let p = X1 ∩ X2 ∩ X3 ∩ X4 be a point of type (d), where X1, . . . , X4 are irreduible
omponents of X
red
. One may hoose the numbering on the four omponents suh that
X1∪X2 and X3∪X4 are loal omplete intersetions of X at p, and moreover the multipliities
satisfy µ1 = µ2 and µ3 = µ4. (This is lear at the start, when all multipliities are one; and
from that point on one proeeds indutively.) Then the exeptional divisor E appears in the
new entral bre with multipliity µ1+µ3 = µ2+µ4. Reall that if E is a smooth quadri, the
resolution proess stops, and we have ase (iv) above; while if E is the union of two planes,
then both planes appear with multipliity µ1 + µ3 and we go on indutively; this gives ase
(v).
Let now p = X1∩X2∩X3 be a point of type (e). As noted above, X2∪X3 and X1 are loal
omplete intersetions of X at p. As above, one may assume that the multipliities satisfy
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µ2 = µ3. Then the exeptional divisor E appears in the new entral bre with multipliity
µ1 + µ2 = µ1 + µ3. If E is a smooth quadri, the resolution proess stops, giving ase (iv)
again. If E is a quadri one, then we proeed to blow-up the vertex of the one, and therefore
the proper transform of E in the nal entral bre will be a Hirzebruh surfae F2, whih
gives the nal ase (vi). Finally if E is a pair of planes, eah plane gives rise to a omponent
in ase (v). 
Now, by realling Remark 5.2, we are able to prove the main result of this setion:
Proposition 9.7. (f. [10, Proposition 4.12℄) Let π : X → ∆ be a degeneration of surfaes
with good Zappati entral bre X = X0 =
⋃v
i=1Xi. Let π¯ : X¯ → ∆ be the normal rossing
redution of π given by algorithms 7.2 and 7.3 and let π˜ : X˜→ ∆ be the semistable redution
of π¯ obtained by following the proess desribed in Chapter II of [33℄. Then:
(9.8) pω(X˜0) = pω(X).
Proof. Let X¯ = X¯0 =
∑w
i=1 µiX¯i be the entral bre of the normal rossing redution π¯. One
has v 6 w and we may assume that µi = 1 for 1 6 i 6 v, and that these rst v omponents
are birational to the original omponents of X . The surfae X¯ is a toroidal embedding in X¯,
in the sense of Denition 1, p. 54 of [33℄. To any suh a toroidal embedding one an assoiate
a ompat polyhedral omplex Γ¯ with integral struture as shown in [33℄, pp. 71 and 94. In
our present situation, the omplex Γ¯ is exatly the assoiated graph G¯. The integral struture
is reorded by the multipliities of the omponents.
By [33℄, p. 107, there exists a semistable redution X˜ → ∆ as in Diagram 5.3, where the
base hange β(t) = tm is suh that m is a ommon multiple of µ1, . . . , µw. Notie that X˜ is
again a toroidal embedding of the entral bre X˜ = X˜0. Denote by G˜ the assoiated graph
to X˜ . Again by [33℄, p. 107, one has that the orresponding polyhedron Γ˜ is a subdivision of
Γ¯, in the sense of the denition at p. 111 of [33℄. This implies that the CW-omplexes G˜ and
G¯ are homeomorphi. In partiular they have the same homology.
Now the entral bre X˜ = X˜0 =
⋃u
i=1 X˜i is redued, with global normal rossings. One
has that u > w and, by taking into aount the base hange, one may assume that, for
i = 1, . . . , w, X˜i is birational to the µi-tuple over of X¯i, branhed along
∑
j 6=i µjC¯ij.
Let us rst onsider omponents with µi = 1. These inlude the rst v omponents X˜i,
i = 1, . . . , v, whih orrespond to the original omponents ofX . For these omponents we have
pg(X˜i) = pg(X¯i) = pg(Xi), i = 1, . . . , v. There also may be omponents with µi = 1 whih
were introdued in the normal rossing redution algorithm. We have seen in Proposition 9.5
that all suh omponents have pg = 0. Finally there may be omponents with µi = 1 with
i > w whih have been introdued in the semistable redution proess. These new surfaes
are of two types: they may orrespond either to
(a) verties of G˜ whih lie on an edge η of G¯; or to
(b) verties of G˜ whih lie in the interior of a triangular fae of G¯.
We reall that the birational morphism X˜→ Xβ as in Diagram 5.3 is the blow-up of a suitable
sheaf of ideals, f. p. 107 of [33℄.
Let X˜j be a surfae of type (a). This is an exeptional divisor of suh a blow-up with
support on the double urve γ of X¯ orresponding to the edge η. Then X˜j maps to γ with
bres whih are rational by the tori nature of the singularity along γ.
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Suppose that X˜j is of type (b). Then X˜j is an exeptional divisor appearing in the tori
resolution of a tori singular point. Therefore X˜j is rational and moreover it meets the other
omponents along rational urves (f., e.g., Setion 2.6 in [22℄).
Therefore all of these omponents are rational or ruled, and hene also have pg = 0.
Now let us onsider the ase µi > 1. In this ase X˜i is a µi-over of the surfae X¯i, and
suh surfaes were lassied in the previous orollary, along with the double urves whih
give the branh lous of the overing. In eah ase the over is easily seen to be rational or
ruled. Hene also for these surfaes one has pg = 0.
Sine we have shown that the homology of the graphs are the same, and we have ontrolled
the pg of the omponents properly, the only thing left to prove is that dim(coker(ΦX)) =
dim(coker(ΦX˜)).
We have already seen that dim(coker(ΦX¯
red
)) = dim(coker(ΦX)) in Proposition 9.5. The
argument here is similar; it sues to show that the extra omponents X˜v+1, . . . , X˜u do not
ontribute to dim(coker(ΦX˜)). These surfaes are either rational or ruled over a urve γ. In
the rational ase, by the proof of Proposition 7.3 and by the above onsiderations about tori
resolution of singularities, they meet the other omponents of X˜ along rational urves. Hene
they do not ontribute to dim(coker ΦX˜).
In the ruled ase, X˜j is a sroll over γ and, by the desription of the resolution proess, X˜j
meets the other omponents of X˜ along urves whih are either rational or isomorphi to γ.
The same argument as in Proposition 9.5 shows that the okernel is unhanged in this ase.
Thus the proof is onluded by Theorem 4.3. 
As a diret onsequene, we have the following:
Theorem 9.9. (f. [10, Theorem 4.14℄) Let π : X → ∆ be a degeneration of surfaes with
good Zappati entral bre X = X0. Then, for any t 6= 0, one has:
pg(Xt) = pω(X).
Proof. Just onsider the semistable redution π˜ : X˜ → ∆ as we did before. One learly has
that pg(Xt) = pg(X˜t) for t 6= 0. Theorem 9.1 then implies that pg(X˜t) = pω(X˜0) and nally
Proposition 9.7 onludes that pω(X˜0) = pω(X). 
10. The Multiple Point Formula
The aim of this setion is to prove a fundamental inequality, whih involves the Zappati
singularities of a given good Zappati surfae X (see Theorem 10.2), under the hypothesis
thatX is the entral bre of a good Zappati degeneration as in Denition 5.4. This inequality
an be viewed as an extension of the well-known Triple Point Formula (see Lemma 10.7 and
f. [20℄), whih holds only for semistable degenerations. As orollaries, we will obtain, among
other things, the main result ontained in Zappa's paper [60℄ (f. Setion 11).
Let us introdue some notation.
Notation 10.1. Let X be a good Zappati surfae. We denote by:
• γ = X1 ∩X2 the intersetion of two irreduible omponents X1, X2 of X ;
• Fγ the divisor on γ onsisting of the E3-points of X along γ;
• fn(γ) the number of En-points of X along γ; in partiular, f3(γ) = deg(Fγ);
• rn(γ) the number of Rn-points of X along γ;
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• sn(γ) the number of Sn-points of X along γ;
• ρn(γ) := rn(γ) + sn(γ), for n > 4, and ρ3(γ) = r3(γ).
If X is the entral bre of a good Zappati degeneration X→ ∆, we denote by:
• Dγ the divisor of γ onsisting of the double points of X along γ o the Zappati
singularities of X ;
• dγ = deg(Dγ);
• dX the total number of double points of X o the Zappati singularities of X .
The main result of this setion is the following (f. [9, Theorem 7.2℄):
Theorem 10.2 (Multiple Point Formula). Let X be a surfae whih is the entral bre of a
good Zappati degeneration X → ∆. Let γ = X1 ∩ X2 be the intersetion of two irreduible
omponents X1, X2 of X. Then
(10.3) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ)− r3(γ)−
∑
n>4
(ρn(γ) + fn(γ)) > dγ > 0.
In the planar ase, one has:
Corollary 10.4. Let X be a surfae whih is the entral bre of a good, planar Zappati
degeneration X→ ∆. Let γ be a double line of X. Then
(10.5) 2 + f3(γ)− r3(γ)−
∑
n>4
(ρn(γ) + fn(γ)) > dγ > 0.
Therefore:
(10.6) 2e+ 3f3 − 2r3 −
∑
n>4
nfn −
∑
n>4
(n− 1)ρn > dX > 0.
As for Theorem 8.1, the proof of Theorem 10.2 will be done in several steps, the rst of
whih is the lassial:
Lemma 10.7 (Triple Point Formula). Let X be a good Zappati surfae with global normal
rossings, whih is the entral bre of a good Zappati degeneration with smooth total spae
X. Let γ = X1 ∩X2, where X1 and X2 are irreduible omponents of X. Then:
(10.8) Nγ|X1 ⊗Nγ|X2 ⊗ Oγ(Fγ)
∼= Oγ .
In partiular,
(10.9) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ) = 0.
Proof. By Denition 5.4, sine the total spae X is assumed to be smooth, the good Zappati
degeneration X→ ∆ is semistable. Let X =
⋃v
i=1Xi. Sine X is a Cartier divisor in X whih
is a bre of the morphism X → ∆, then OX(X) ∼= OX . Tensoring by Oγ gives Oγ(X) ∼= Oγ .
Thus,
(10.10) Oγ
∼= Oγ(X1)⊗ Oγ(X2)⊗ Oγ(Y ),
where Y = ∪vi=3Xi. One onludes by observing that in (10.10) one has Oγ(Xi)
∼= Nγ|X3−i ,
1 6 i 6 2, and Oγ(Y ) ∼= Oγ(Fγ). 
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It is useful to onsider the following slightly more general situation. Let X be a union
of surfaes suh that Xred is a good Zappati surfae with global normal rossings. Then
Xred = ∪
v
i=1Xi and let mi be the multipliity of Xi in X , i = 1, . . . , v. Let γ = X1 ∩ X2 be
the intersetion of two irreduible omponents of X . For every point p of γ, we dene the
weight w(p) of p as the multipliity mi of the omponent Xi suh that p ∈ γ ∩Xi.
Of ourse w(p) 6= 0 only for E3-points of Xred on γ. Then we dene the divisor Fγ on γ as
Fγ :=
∑
p
w(p)p.
The same proof of Lemma 10.7 shows the following:
Lemma 10.11 (Generalized Triple Point Formula). Let X be a surfae suh that Xred = ∪iXi
is a good Zappati surfae with global normal rossings. Let mi be the multipliity of Xi in
X. Assume that X is the entral bre of a degeneration X → ∆ with smooth total spae X.
Let γ = X1 ∩X2, where X1 and X2 are irreduible omponents of Xred. Then:
(10.12) N
⊗m2
γ|X1
⊗N⊗m1γ|X2 ⊗ Oγ(Fγ)
∼= Oγ .
In partiular,
(10.13) m2 deg(Nγ|X1) +m1 deg(Nγ|X2) + deg(Fγ) = 0.
The seond step is given by the following result (f. [9, Proposition 7.14℄):
Proposition 10.14. Let X be a good Zappati surfae with global normal rossings, whih
is the entral bre of a good Zappati degeneration X→ ∆. Let γ = X1 ∩X2, where X1 and
X2 are irreduible omponents of X. Then:
(10.15) Nγ|X1 ⊗Nγ|X2 ⊗ Oγ(Fγ)
∼= Oγ(Dγ).
In partiular,
(10.16) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ) = dγ.
Proof. By the very denition of good Zappati degeneration, the total spae X is smooth
exept for ordinary double points along the double lous of X , whih are not the E3-points
of X . We an modify the total spae X and make it smooth by blowing-up its double points.
Sine the omputations are of loal nature, we an fous on the ase of X having only one
double point p on γ. We blow-up the point p in X to get a new total spae X′, whih is smooth.
Notie that, aording to our hypotheses, the exeptional divisor E := EX,p = P(TX,p) is
isomorphi to a smooth quadri in P3 (see Figure 22).
•
γ
p
X1 X2 Y
blow-up p
←−−−−−
0
−
1
0−
1
γ′
E
X ′1 X
′
2
Y
Figure 22. Blowing-up an ordinary double point of X
The proper trasform of X is:
X ′ = X ′1 +X
′
2 + Y
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where X ′1, X
′
2 are the proper transforms of X1, X2, respetively. Let γ
′
be the intersetion
of X ′1 and X
′
2, whih is learly isomorphi to γ. Let p1 be the intersetion of γ
′
with E.
Sine X′ is smooth, we an apply Lemma 10.11 to γ′. Therefore, by (10.12), we get
Oγ′
∼= Nγ′|X′
1
⊗Nγ′|X′
2
⊗ Oγ′(Fγ′).
In the isomorphism between γ′ and γ, one has:
Oγ′(Fγ′ − p1) ∼= Oγ(Fγ), Nγ′|X′i
∼= Nγ|Xi ⊗ Oγ(−p), 1 6 i 6 2.
Putting all this together, one has the result. 
Taking into aount Lemma 10.11, the same proof of Proposition 10.14 gives the following
result:
Corollary 10.17. (f. [9, Corollary 7.17℄) Let X be a surfae suh that Xred = ∪iXi is a
good Zappati surfae with global normal rossings. Let mi be the multipliity of Xi in X.
Assume that X is the entral bre of a degeneration X→ ∆ with total spae X having at most
ordinary double points outside the Zappati singularities of Xred.
Let γ = X1 ∩X2, where X1 and X2 are irreduible omponents of Xred. Then:
(10.18) N
⊗m2
γ|X1
⊗N⊗m1γ|X2 ⊗ Oγ(Fγ)
∼= Oγ(Dγ)
⊗(m1+m2).
In partiular,
(10.19) m2 deg(Nγ|X1) +m1 deg(Nγ|X2) + deg(Fγ) = (m1 +m2)dγ.
Now we an ome to the:
Proof of Theorem 10.2. Reall that, by Denition 5.4 of Zappati degenerations, the total
spae X has only isolated singularities. We want to apply Corollary 10.17 after having resolved
the singularities of the total spae X at the Zappati singularities of the entral bre X , i.e.
at the Rn-points of X , for n > 3, and at the En- and Sn-points of X , for n > 4.
Now we briey desribe the resolution proess, whih will beome even learer in the seond
part of the proof, when we will enter into the details of the proof of Formula (10.3).
Following the blowing-up proess of Algorithm 7.2 and of Proposition 7.3 - (1) at the
Rn- and Sn-points of the entral bre X , as desribed in details in Setion 8, one gets a
degeneration suh that the total spae is Gorenstein, with isolated singularities, and the
entral bre is a Zappati surfae with only En-points.
The degeneration will not be Zappati, if the double points of the total spae ourring
along the double urves, o the Zappati singularities, are not ordinary. Aording to our
hypotheses, this annot happen along the proper transform of the double urves of the orig-
inal entral bre. All these non-ordinary double points an be resolved with nitely many
subsequent blow-ups and they will play no role in the omputation of Formula (10.3).
Reall that the total spae X is smooth at the E3-points of the entral bre, whereas X has
multipliity either 2 or 4 at an E4-point of X . Thus, we an onsider only En-points p ∈ X ,
for n > 4.
By Proposition 6.17, p is a quasi-minimal singularity for X, unless n = 4 and multp(X) = 2.
In the latter ase, this singularity is resolved by a sequene of blowing-ups at isolated double
points.
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Assume now that p is a quasi-minimal singularity for X. Let us blow-up X at p and let E ′
be the exeptional divisor. Sine a hyperplane setion of E ′ is CEn, the possible ongurations
of E ′ are desribed in Proposition 6.24, (iii).
If E ′ is irreduible, that is ase (iii.a) of Proposition 6.24, then E ′ has at most isolated
rational double points, where the new total spae is either smooth or it has a double point.
This an be resolved by nitely many blowing-ups at analogous double points.
Suppose we are in ase (iii.b) of Proposition 6.24. If E ′ has global normal rossings, then
the desingularization proess proeeds exatly as before.
If E ′ does not have global normal rossings then, either E ′ has a omponent whih is a
quadri one or the two omponents of E ′ meet along a singular oni. In the former ase,
the new total spae has a double point at the vertex of the one. In the latter ase, the total
spae is either smooth or it has an isolated double point at the singular point of the oni.
In either ases, one resolves the singularities by a sequene of blowing-ups as before.
Suppose nally we are in ase (iii.) of Proposition 6.24, i.e. the new entral bre is a
Zappati surfae with one point p′ of type Em, with m 6 n. Then we an proeed by
indution on n. Note that if an exeptional divisor has an E3-point p
′′
, then p′′ is either a
smooth, or a double, or a triple point for the total spae. In the latter two ases, we go
on by blowing-up p′′. After nitely many blow-ups (by Denition 5.4, f. Proposition 3.4.13
in [34℄), we get a entral bre whih might be non-redued, but its support has only global
normal rossings, and the total spae has at most ordinary double points o the E3-points of
the redued part of the entral bre.
Now we are in position to apply Corollary 10.17. In order to do this, we have to understand
the relations between the invariants of a double urve of the original Zappati surfae X and
the invariants appearing in Formula (10.19) for the double urve of the strit transform of X .
Sine all the omputations are of loal nature, we may assume that X has a single Zappati
singularity p, whih is not an E3-point. We will prove the theorem in this ase. The general
formula will follow by iterating these onsiderations for eah Zappati singularity of X.
Let X1, X2 be irreduible omponents of X ontaining p and let γ be their intersetion.
As we saw in the above resolution proess, we blow-up X at p. We obtain a new total spae
X′, with the exeptional divisor E ′ := EX,p = P(TX,p) and the proper transform X
′
1, X
′
2 of
X1, X2. Let γ
′
be the intersetion of X ′1, X
′
2. We remark that γ
′ ∼= γ (see Figure 23).
E1
•
E2
γ′
E ′
X ′1 X
′
2 Y ′
p1 blow-up p−−−−−→ •
γ
p
X1
X2
Y
Figure 23. Blowing-up X at p
Notie that X′ might have Zappati singularities o γ′. These will not aet our onsider-
ations. Therefore, we an assume that there are no singularities of X′ of this sort. Thus, the
only point of X′ we have to take are of is p1 := E
′ ∩ γ′.
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If p1 is smooth for E
′
, then it must be smooth also for X′. Moreover, if p1 is singular for
E ′, then p1 is a double point of E
′
as it follows from the above resolution proess and from
Proposition 6.24. Therefore, p1 is at most double also for X
′
; sine p1 is a quasi-minimal,
Gorenstein singularity of multipliity 4 for the entral bre of X′, then p1 is a double point
of X′ by Proposition 6.17.
Thus there are two ases to be onsidered: either
(i) p1 is smooth for both E
′
and X′, or
(ii) p1 is a double point for both E
′
and X′.
In ase (i), the entral bre of X
′
is X
′
0 = X
′
1 ∪X
′
2 ∪ Y
′ ∪ E ′ and we are in position to use
the enumerative information (10.16) from Proposition 10.14 whih reads:
deg(Nγ′|X′
1
) + deg(Nγ′|X′
2
) + f3(γ
′) = dγ′.
Observe that f3(γ
′) is the number of E3-points of the entral bre X
′
0 of X
′
along γ′, therefore
f3(γ
′) = f3(γ) + 1.
On the other hand:
deg(Nγ′|X′i) = deg(Nγ|Xi)− 1, 1 6 i 6 2.
Finally,
dγ = dγ′
and therefore we have
(10.20) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ)− 1 = dγ
whih proves the theorem in this ase (i).
Consider now ase (ii), i.e. p1 is a double point for both E
′
and X′.
If p1 is an ordinary double point for X
′
, we blow-up X′ at p1 and we get a new total spae X
′′
.
Let X ′′1 , X
′′
2 be the proper transforms of X
′
1, X
′
2, respetively, and let γ
′′
be the intersetion of
X ′′1 and X
′′
2 , whih is isomorphi to γ. Notie that X
′′
is smooth and the exeptional divisor
E ′′ is a smooth quadri (see Figure 24).
E ′′
γ′′
X ′′1 X
′′
2 Y ′
•p2
Figure 24. Blowing-up X′ at p1 when p1 is ordinary for both X
′
and E ′
We remark that the entral bre of X′′ is now non-redued, sine it ontains E ′′ with
multipliity 2. Thus we apply Corollary 10.17 and we get
Oγ′′
∼= Nγ′′|X′′
1
⊗Nγ′′|X′′
2
⊗ Oγ′′(Fγ′′).
Sine,
deg(Nγ′′|X′′
1
) = deg(Nγ|Xi)− 2, i = 1, 2, deg Fγ′′ = f3(γ) + 2,
64 A. CALABRI, C. CILIBERTO, F. FLAMINI, R. MIRANDA
then,
(10.21) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ)− 1 = dγ + 1 > dγ.
If the point p1 is not an ordinary double point, we again blow-up p1 as above. Now the
exeptional divisor E ′′ of X′′ is a singular quadri in P3, whih an only be either a quadri
one or it has to onsist of two distint planes E ′′1 , E
′′
2 . Note that if p1 lies on a double line
of E ′ (i.e. p1 is in the intersetion of two irreduible omponents of E
′
), then only the latter
ase ours sine E ′′ has to ontain a urve CE4 .
Let p2 = E
′′ ∩ γ′′. In the former ase, if p2 is not the vertex of the quadri one, then the
total spae X′′ is smooth at p2 and we an apply Corollary 10.17 and we get (10.21) as before.
If p2 is the vertex of the quadri one, then p2 is a double point of X
′′
and we an go on
blowing-up X′′ at p2. This blow-up proedure stops after nitely many, say h, steps and one
sees that Formula (10.21) has to be replaed by
(10.22) deg(Nγ|X1) + deg(Nγ|X2) + f3(γ)− 1 = dγ + h > dγ.
In the latter ase, i.e. if E ′′ onsists of two planes E ′′1 and E
′′
2 , let λ be the intersetion line
of E ′′1 and E
′′
2 . If p2 does not belong to λ (see Figure 25), then p2 is a smooth point of the
total spae X′′, therefore we an apply Corollary 10.17 and we get again Formula (10.21).
γ′′
X ′′1 X
′′
2 Y ′•p2
E ′′1
E ′′2
λ
Figure 25. E ′′ splits in two planes E ′′1 , E
′′
2 and p2 6∈ E
′′
1 ∩ E
′′
2
If p2 lies on λ, then p2 is a double point for the total spae X
′′
(see Figure 26). We an
thus iterate the above proedure until the proess terminates after nitely many, say h, steps
by getting rid of the singularities whih are innitely near to p along γ. At the end, one gets
again Formula (10.22). 
γ′′
X ′′1 X
′′
2 Y ′•p2
E ′′1 E
′′
2
λ
Figure 26. E ′′′ splits in two planes E ′′′1 , E
′′′
2 and p3 ∈ E
′′′
1 ∩ E
′′′
2
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Remark 10.23. We observe that the proof of Theorem 10.2 proves a stronger result than
what we stated in (10.3). Indeed, the idea of the proof is that we blow-up the total spae X at
eah Zappati singularity p in a sequene of singular points p, p1, p2, . . . , php, eah innitely
near one to the other along γ. Note that pi, i = 1, . . . , hp, is a double point for the total
spae.
The above proof shows that the rst inequality in (10.3) is an equality if and only if eah
Zappati singularity of X has no innitely near singular point. Moreover (10.22) implies that
deg(Nγ|X1) + deg(Nγ|X2) + f3(γ)− r3(γ)−
∑
n>4
(ρn(γ) + fn(γ)) = dγ +
∑
p∈γ
hp.
In other words, as natural, every innitely near double point along γ ounts as a double point
of the original total spae along γ.
11. On some results of Zappa
In [55, 56, 57, 58, 59, 60, 61℄, Zappa onsidered degenerations of projetive surfaes to
a planar Zappati surfae with only R3-, S4- and E3-points. One of the results of Zappa's
analysis is that the invariants of a surfae admitting a good planar Zappati degeneration
with mild singularities are severely restrited. In fat, translated in modern terms, his main
result in [60℄ an be read as follows:
Theorem 11.1 (Zappa). Let X → ∆ be a good, planar Zappati degeneration, where the
entral bre X0 = X has at most R3- and E3-points. Then, for t 6= 0, one has
(11.2) K2 := K2
Xt
6 8χ+ 1− g,
where χ = χ(OXt) and g is the setional genus of Xt.
Theorem 11.1 has the following interesting onsequene:
Corollary 11.3 (Zappa). If X→ ∆ is a good, planar Zappati degeneration of a sroll Xt of
setional genus g > 2 to X0 = X, then X has worse singularities than R3- and E3-points.
Proof. For a sroll of genus g one has 8χ+ 1− g −K2 = 1− g. 
Atually Zappa onjetured that for most of the surfaes the inequality K2 6 8χ+1 should
hold and even proposed a plausibility argument for this. As well-known, the orret bound
for all the surfaes is K2 6 9χ, proved by Miyaoka and Yau (see [40, 54℄) several deades
after Zappa.
We will see in a moment that Theorem 11.1 an be proved as onsequene of the ompu-
tation of K2 (see Theorem 8.1) and the Multiple Point Formula (see Theorem 10.2).
Atually, Theorems 8.1 and 10.2 an be used to prove a stronger result than Theorem 11.1;
indeed:
Theorem 11.4. (f. [9, Theorem 8.4℄) Let X→ ∆ be a good, planar Zappati degeneration,
where the entral bre X0 = X has at most R3-, E3-, E4- and E5-points. Then
(11.5) K2 6 8χ+ 1− g.
Moreover, the equality holds in (11.5) if and only if Xt is either the Veronese surfae in P
5
degenerating to four planes with assoiated graph S4 (i.e. with three R3-points, see Figure
27.a), or an ellipti sroll of degree n > 5 in Pn−1 degenerating to n planes with assoiated
graph a yle En (see Figure 27.b).
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Furthermore, if Xt is a surfae of general type, then
(11.6) K2 < 8χ− g.
•
•
• •
•
•
•
•
•
•
• •
•
(a) (b)
Figure 27.
Proof. Notie that if X has at most R3-, E3-, E4- and E5-points, then Formulas (8.3) and
(8.5) give K2 = 9v − 10e+ 6f3 + 8f4 + 10f5 + r3. Thus, by (3.16) and (3.19), one gets
8χ+ 1− g −K2 = 8v − 8e+ 8f3 + 8f4 + 8f5 + 1− (e− v + 1)−K
2 = e− r3 + 2f3 − 2f5 =
=
1
2
(2e− 2r3 + 3f3 − 4f4 − 5f5) +
1
2
f3 + 2f4 +
1
2
f5
(∗)
>
1
2
f3 + 2f4 +
1
2
f5 > 0
where the inequality (∗) follows from (10.6). This proves Formula (11.5) (and Theorem 11.1).
If K2 = 8χ+ 1− g, then (∗) is an equality, hene f3 = f4 = f5 = 0 and e = r3. Therefore,
by Formula (3.23), we get
(11.7)
∑
i
wi(wi − 1) = 2r3 = 2e,
where wi denotes the valene of the vertex vi in the graph GX . By denition of valene, the
right-hand-side of (11.7) equals
∑
i wi. Therefore, we get
(11.8)
∑
i
wi(wi − 2) = 0.
If wi > 2, for eah 1 6 i 6 v, one easily shows that only the yle as in Figure 27 (b) is
possible. This gives
χ = 0, K2 = 0, g = 1,
whih implies that Xt is an ellipti sroll.
Easy ombinatorial omputations show that, if there is a vertex with valene wi 6= 2, then
there is exatly one vertex with valene 3 and three vertex of valene 1. Suh a graph, with
v verties, is assoiated to a planar Zappati surfae of degree v in Pv+1 with
χ = 0, pg = 0, g = 0.
Thus, by hypothesis, K2 = 9 and, by properties of projetive surfaes, the only possibility is
that v = 4, GX is as in Figure 27 (a) and Xt is the Veronese surfae in P
5
.
Suppose now that Xt is of general type. Then χ > 1 and v = deg(Xt) < 2g − 2. Formulas
(3.16) and (3.19) imply that χ = f − g + 1 > 1, thus f > g > v/2 + 1. Clearly v > 4, hene
f > 3. Proeeding as at the beginning of the proof, we have that:
8χ− g −K2 >
1
2
f3 + 2f4 +
1
2
f5 − 1 >
1
2
f − 1 > 0,
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or equivalently K2 < 8χ− g. 
Remark 11.9. By following the same argument of the proof of Theorem 11.4, one an list all
the graphs and the orresponding smooth projetive surfaes in the degeneration, for whih
K2 = 8χ − g. For example, one an nd Xt as a rational normal sroll of degree n in P
n+1
degenerating to n planes with assoiated graph a hain Rn. On the other hand, one an also
have a del Pezzo surfae of degree 7 in P7.
Let us state some appliations of Theorem 11.4.
Corollary 11.10. If X is a good, planar Zappati degeneration of a sroll Xt of setional
genus g > 2 to X0 = X, then X has worse singularities than R3-, E3-, E4- and E5-points.
Corollary 11.11. If X is a good, planar Zappati degeneration of a del Pezzo surfae Xt of
degree 8 in P8 to X0 = X, then X has worse singularities than R3-, E3-, E4- and E5-points.
Proof. Just note that K2 = 8 and χ = g = 1, thus Xt satises the equality in (11.5). 
Corollary 11.12. If X is a good, planar Zappati degeneration of a minimal surfae of general
type Xt to X0 = X with at most R3-, E3-, E4- and E5-points, then
g 6 6χ+ 5.
Proof. It diretly follows from (11.6) and Noether's inequality, i.e. K2 > 2χ− 6. 
Corollary 11.13. If X is a good planar Zappati degeneration of an m-anonial surfae of
general type Xt to X0 = X with at most R3-, E3-, E4- and E5-points, then
(i) m 6 6;
(ii) if m = 5, 6, then χ = 3, K2 = 1;
(iii) if m = 4, then χ 6 4, 8χ > 11K2 + 2;
(iv) if m = 3, then χ 6 6, 8χ > 7K2 + 2;
(v) if m = 2, then K2 6 2χ− 1;
(vi) if m = 1, then K2 6 4χ− 1.
Proof. Take Xt = S to be m-anonial. First of all, by Corollary 11.12, we immediately get
(i). Then, by Formula (11.6), we get
8χ− 2 >
(m2 +m+ 2)
2
K2.
Thus, if m equals either 1 or 2, we nd statements (v) and (vi).
Sine S is of general type, by Noether's inequality we get
8χ− 2 > (2χ− 6)
(m2 +m+ 2)
2
.
This gives, for m > 3,
χ 6 3 +
22
(m2 +m− 6)
whih, together with the above inequality, gives the other ases of the statement. 
It would be interesting to see whether the numerial ases listed in the above orollary an
atually our.
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We remark that Corollary 11.10 implies in partiular that one annot hope to degenerate
all surfaes to unions of planes with only global normal rossings, namely double lines and
E3-points; indeed, one needs at least En-points, for n > 6, or Rm-, Sm-points, for m > 4.
From this point of view, another important result of Zappa is the following (f. [55,  12℄):
Theorem 11.14 (Zappa). For every g > 2 and every d > 3g+2, there are families of srolls
of setional genus g, of degree d, with general moduli having a planar Zappati degeneration
with at most R3-, S4- and E3-points.
Zappa's arguments rely on a rather intriate analysis onerning degenerations of hyper-
plane setions of the sroll and, aordingly, of the branh urve of a general projetion of the
sroll to a plane. We have not been able to hek all the details of this very lever argument.
However, the idea whih Zappa exploits, of degenerating the branh urve of a general pro-
jetion to a plane, is a lassial one whih goes bak to Enriques, Chisini, et. and ertainly
deserves attention. In reading Zappa's paper [55℄, our attention has been attrated by other
ingredients he uses to study the aforementioned degenerations, whih look interesting on their
own. Preisely, Zappa gives extendability onditions for a urve on a sroll whih is not a
one. For an overview of these results with a modern approah, the reader is referred to [8,
 6℄. In partiular, we prove a slightly more general version of the following result of Zappa
(f. [8, Theorem 6.8℄):
Proposition 11.15 (Zappa). Let C ⊂ P2 be a general element of the Severi variety Vd,g of
irreduible urves of degree d and geometri genus g > 2, with d > 2g + 2. Then C is the
plane setion of a sroll S ⊂ P3 whih is not a one.
Via ompletely dierent tehniques, we prove in [8℄ the following result whih generalizes
Theorem 11.14 of Zappa:
Theorem 11.16. (f. [8, Theorem 1.2℄) Let g > 0 and either d > 2, if g = 0, or d > 5,
if g = 1, or d > 2g + 4, if g > 2. Then there exists a unique irreduible omponent Hd,g
of the Hilbert sheme of srolls of degree d and setional genus g in Pd−2g+1, suh that the
general point of Hd,g represents a smooth sroll S whih is linearly normal and moreover with
H1(S,OS(1)) = 0.
Furthermore,
(i) Hd,g is generially redued and dim(Hd,g) = (d− 2g + 2)
2 + 7(g − 1),
(ii) Hd,g ontains the Hilbert point of a planar Zappati surfae having only either d − 2
R3-points, if g = 0, or d − 2g + 2 points of type R3 and 2g − 2 points of type S4, if
g > 1, as Zappati singularities,
(iii) Hd,g dominates the moduli spae Mg of smooth urves of genus g.
For other results onerning the geometry of the general sroll parametrized by Hd,g, f. [11℄
and [12℄.
In a more general setting, it is a natural question to ask whih Zappati singularities are
needed in order to degenerate as many smooth, projetive surfaes as possible to good, planar
Zappati surfae. Note that there are some examples (f. 12) of smooth projetive surfaes
S whih ertainly annot be degenerated to Zappati surfaes with En-, Rn-, or Sn-points,
unless n is large enough.
However, given suh a S, the next result  i.e. Proposition 11.17  suggests that there
might be a birational model of S whih an be Zappatially degenerated to a surfae with
only R3- and En-points, for n 6 6.
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Proposition 11.17. Let X→ ∆ be a good planar Zappati degeneration and assume that the
entral bre X has at most R3- and Em-points, for m 6 6. Then
K2 6 9χ.
Proof. The bounds forK2 in Theorem 8.1 give 9χ−K2 = 9v−9e+
∑6
m=3 9fm−K
2
. Therefore,
we get:
(11.18) 2(9χ−K2) > 2e+ 6f3 + 2f4 − 2f5 − 6f6 − 2r3
If we plug (10.6) in (11.18), we get
2(9χ−K2) > (2e+ 3f3 − 4f4 − 5f5 − 6f6 − 2r3) + (3f3 + 6f4 + 3f5),
where both summands on the right-hand-side are non-negative. 
In other words, Proposition 11.17 states that the Miyaoka-Yau inequality holds for a smooth
projetive surfae S whih an degenerate to a good planar Zappati surfae with at most
R3- and En-points, 3 6 n 6 6.
Another interesting appliation of the Multiple Point Formula is given by the following
remark.
Remark 11.19. Let X→ ∆ be a good, planar Zappati degeneration. Denote by δ the lass
of the general bre Xt of X, t 6= 0. By denition, δ is the degree of the dual variety of Xt,
t 6= 0. From Zeuthen-Segre (f. [19℄ and [32℄) and Noether's Formula (f. [27℄, page 600), it
follows that:
(11.20) δ = χtop + deg(Xt) + 4(g − 1) = (9χ−K
2) + 3f + e.
Therefore, (10.6) implies that:
δ > 3f3 + r3 +
∑
n>4
(12− n)fn +
∑
n>4
(n− 1)ρn − k.
In partiular, if X is assumed to have at most R3- and E3-points, then (11.20) beomes
δ = (2e + 3f3 − 2r3) + (3f3 + r3),
where the rst summand in the right-hand side is non-negative by the Multiple Point Formula;
therefore, one gets
δ > 3f3 + r3.
Zappa's original approah in [55℄, indeed, was to ompute δ and then to dedue Formula
(11.2) and Theorem 11.1 from this.
12. Examples of degenerations of surfaes to Zappati unions of planes
The aim of this setion is to illustrate some interesting examples of degenerations of smooth
surfaes to good, planar Zappati surfaes. We also disuss some examples of non-smoothable
Zappati surfaes and we pose open questions on the existene of degenerations to planar
Zappati surfaes for some lasses of surfaes.
Produt of urves (Zappa) (f. Example 3.1 in [8℄). Let C ⊂ Pn−1 and C ′ ⊂ Pm−1 be
general enough urves. Consider the smooth surfae
S = C × C ′ ⊂ Pn−1 × Pm−1 ⊂ Pnm−1.
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If C and C ′ an degenerate to stik urves, say to C0 and C
′
0 respetively, then the surfae S
degenerates to a union of quadris Y with only double lines as singularities in odimension
one and with Zappati singularities.
If we ould (independently) further degenerate eah quadri of Y to the union of two planes,
then we would be able to get a degeneration X→ ∆ with general bre Xt ∼= S = C ×C
′
and
entral bre a good, planar Zappati surfae X0
∼= X . This ertainly happens if eah quadri
of Y meets the other quadris of Y along a union of lines of type (a, b), with a, b 6 2 (see
Figure 28).
 
Figure 28. A quadri degenerating to the union of two planes
For example S = C × C ′ an be degenerated to a good, planar Zappati surfae if C and
C ′ are either rational or ellipti normal urves and we degenerate them to stik urves CRn
and CEn, respetively.
Let us see some of these ases in detail.
(a) Rational normal srolls (f. Example 3.2 in [8℄). Let C ⊂ Pn be a rational normal
urve of degree n. Sine C an degenerate to a stik urve CRn , the surfae S =
C × P1 ⊂ P2n+1 an degenerate to a hain of n quadris as in Figure 29, whih is a
good Zappati surfae.
Figure 29. Union of n quadris with a hain as assoiated graph
As we remarked above, the hain of quadris an further degenerate to a good,
planar Zappati surfae X whih is the union of 2n-planes (see Figure 30). Note that
the surfae X has only R3-points as Zappati singularities and its assoiated graph
GX is a hain R2n. In this way, one gets degeneration of a rational normal sroll to a
good, planar Zappati surfae with only R3-points as Zappati singularities.
(b) Ruled surfaes (f. Example 3.3. in [8℄). Let now C ⊂ Pn−1 be a normal ellipti urve of
degree n. Sine C an degenerate to a stik urve CEn, the surfae S = C×P
1 ⊂ P2n−1
an degenerate to a yle of n quadris (see Figure 31).
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Figure 30. Union of 2n-planes with a hain as assoiated graph
Figure 31. A yle of n quadris
As before, suh a yle of quadris an degenerate to a good, planar Zappati
surfae X whih is a union of 2n planes with only R3-points and whose assoiated
graph orresponds to the yle graph E2n+2 (see gure 32).
•
•
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Figure 32. A union of 2n planes with a yle as assoiated graph
() Abelian surfaes (f. Example 3.4 in [8℄). Let C ⊂ Pn−1 and C ′ ⊂ Pm−1 be smooth,
ellipti normal urves of degree respetively n andm. Then C and C ′ degenerate to the
stik urves CEn and CEm respetively, hene the abelian surfae S = C×C
′ ⊂ Pnm−1
degenerates to a Zappati surfae whih is a union of mn quadris with only E4-points
as Zappati singularities, f. e.g. the piture on the left in Figure 33, where the top
edges have to be identied with the bottom ones, similarly the left edges have to be
identied with the right ones. Thus the top quadris meet the bottom quadris and
the quadris on the left meet the quadris on the right.
Again eah quadri degenerates to the union of two planes. By doing this as depited
in Figure 33, one gets a degeneration of a general abelian surfae with a polarization
of type (n,m) to a planar Zappati surfae of degree 2nm with only E6-points as
Zappati singularities.
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Figure 33. nm quadris with E4-points and 2nm planes with E6-points
Conerning the general ase, suppose that either C or C ′ has genus greater than 1. If
C and C ′ degenerate to stik urves, then the surfae S = C × C ′ degenerates as above to
a union of quadris. Unfortunately it is not lear if it is possible to further independently
degenerate eah quadri to two planes in the same way as above and, in [58℄, Zappa left as
an open problem to prove the degeneration to a union of planes.
Theorem 11.16, proved in the paper [8℄, show that C × P1, suitably embedded as a non-
speial, linearly normal sroll, really degenerates to a union of planes with only R3- and
S4-points. Indeed, let C be any urve of genus g and let L be a very-ample non-speial line
bundle of degree d > g + 3. The global setions of L determine an embedding of C in Pd−g.
Consider the Segre embedding of C × P1. This gives a non-speial, linearly normal, smooth
sroll S of degree 2d in P2d−2g+1 and the orresponding point sits in the irreduible omponent
H2d,g of the Hilbert sheme mentioned in Theorem 11.16. By our results in [8℄, it follows that
S degenerates to a planar Zappati surfae with 2(d− g + 1) points of type R3 and 2(g − 1)
points of type S4 (f. Constrution 4.2 in [8℄).
Degeneration to ones. Reall the following result of Pinkham:
Theorem 12.1 (Pinkham [47, 48℄). Let S ⊂ Pn be a smooth, irreduible and projetively
Cohen-Maaulay surfae. Then S degenerates to the one over a hyperplane setion of S.
Let C be the hyperplane setion of S. Suppose that C an be degenerated to a stik urve
C0. In this ase, S an be degenerated to the one X over the stik urve C0. By denition,
X is a Zappati surfae only if C has genus either 0 or 1. Therefore:
Corollary 12.2. (i) Any surfae S of minimal degree (i.e. of degree n) in Pn+1 an be
degenerated to the one over the stik urve CTn, for any tree Tn with n verties (f. Example
2.7).
(ii) Any del Pezzo surfae S of degree n in Pn, n 6 9, an be degenerated to the one over the
stik urve CZn, for any onneted graph with n > 3 verties and h
1(Zn,C) = 1 (f. Example
2.8).
For n = 4, reall that the surfaes of minimal degree in P5 are either the Veronese surfae
(whih has K2 = 9) or a rational normal sroll (whih has K2 = 8). Therefore:
Corollary 12.3 (Pinkham). The loal deformation spae of a T4-singularity is reduible.
Veronese surfaes (Moishezon-Teiher). Consider Vd ⊂ P
d(d+3)/2
be the d-Veronese
surfae, namely the embedding of P2 via the linear system |OP2(d)|. In [42℄, Moishezon and
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Teiher desribed a triangular degeneration of Vd suh that the entral bre is a union of
d2 planes with only R3- and E6-points as Zappati singularities (see Figure 34).
• •
•
d
d
• • • • • • •
• • • • •
• • •
•
Union of d2 planes Assoiated graph
Figure 34. Degeneration of the d-Veronese surfae.
Let us explain how to get suh a degeneration. Consider the trivial family X = P2 × ∆,
where ∆ is a omplex disk. Let L ∼= OX(d) be a line bundle on X. If we blow-up a point in
the entral bre of X, the new entral bre beomes as the left-hand-side piture in Figure
35, where E is the exeptional divisor, Π = P2 and F1 is the Hirzebruh surfae.
EF1 ΠH L  S2d−1 Vd−1
Figure 35. Degenerating the d-Veronese surfae Vd
Let X˜ be the blown-up family and let L˜ be the line bundle on X˜ given by the pull-bak of
L twisted by the divisor −(d−1)Π. Then L˜ restrits to dH− (d−1)E on the surfae F1 and
to (d− 1)L on the plane Π, respetively.
These line bundles embed, respetively, F1 as a rational normal sroll S2d−1 of degree 2d−1
and Π as the (d − 1)-Veronese surfae Vd−1 meeting along a rational normal urve of degree
d− 1 (see the right-hand-side piture of Figure 35). One an independently degenerate Vd−1
ro a good, planar Zappati surfae, by indution on d (getting the left most bottom triangle
in gure 34) and the rational normal sroll S2d−1 as we saw before (getting the top strip in
the triangle in gure 34).
K3 surfaes. In the paper [15℄, the authors onstrut a spei projetive degeneration of
a K3 surfae of degree 2g − 2 in Pg to a planar Zappati surfae whih is a union of 2g − 2
planes, whih meet in suh a way that the assoiated graph to the onguration of planes is
a triangulation of the 2-sphere.
In the previous paper [14℄, planar Zappati degenerations of K3 surfaes were onstruted
in suh a way that the general member of the degeneration was embedded by a primitive
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line bundle. In [15℄ the general member of the degeneration is embedded by a multiple of a
primitive line bundle lass (for details, the reader is referred to the original artiles).
Let X denote a good, planar Zappati surfae whih is a degeneration of a K3-surfae
S ⊂ Pg of genus g and let G be the assoiated graph to X . Then, G is planar, beause
pg(S) = 1, and 3-valent (see [14℄). By using Notation 3.12, we get
(12.4) v = 2g − 2, e = 3g − 3, f = g + 1.
Conversely, by starting from a planar graph G with invariants as in (12.4), one an nd a
Zappati numerial K3 surfae X whose assoiated graph is G. Suh an X is alled a graph
surfae. Smoothable graph surfaes are exhibited in [14℄ and [15℄.
The spei degenerations onstruted in [15℄ depend on two parameters and an be viewed
as two retangular arrays of planes, joined along their boundary. For this reason, these are
alled pillow degenerations.
Take two integers a and b greater than or equal to two and set g = 2ab+ 1. The number
of planes in the pillow degeneration is then 2g − 2 = 4ab. The projetive spae Pg has
g+1 = 2ab+2 oordinate points, and eah of the 4ab planes is obtained as the span of three
of these. These sets of three points are indiated in Figure 36, whih desribes the bottom
part of the pillow and the top part of the pillow, whih are identied along the boundaries
of the two ongurations. The reader will see that the boundary is a yle of 2a + 2b lines.
Figure 36. Conguration of Planes, Top and Bottom
Top
Boundary points labeled from
1 through 2a+ 2b, lokwise;
interior points labeled from
2a+ 2b+ 1 through ab+ a+ b+ 1
1 2 ··· a a+1
2a+2b a+2
a+3
.
.
.
.
.
.
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Bottom
Boundary points labeled from
1 through 2a+ 2b, lokwise;
interior points labeled from
ab+ a+ b+ 2 through 2ab+ 2
1 2 ··· a a+1
2a+2b a+2
a+3
.
.
.
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.
.
a+2b+1 a+b+1
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Note that no three of the planes meet along a line. Also note that the set of bottom planes
lies in a projetive spae of dimension ab + a + b, as does the set of top planes; these two
projetive spaes meet exatly along the span of the 2a + 2b boundary points, whih has
dimension 2a + 2b − 1. Finally note that the four orner points of the pillow degeneration
(labelled 1, a+1, a+b+1, and a+2b+1) are eah ontained in three distint planes, whereas all
the other points are eah ontained in six planes. This property, that the number of lines and
planes inident on eah of the points is bounded is a feature of the pillow degeneration that
is not available in other previous degenerations (see [14℄). We will all suh a onguration
of planes a pillow of bidegree (a, b).
Observe that a pillow of bidegree (a, b) is a planar Zappati surfae of degree 2g−2, having
four R3-points and 2ab− 2 = g − 3 E6-points as Zappati singularities.
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Remark 12.5. En-points, with n > 6, are unavoidable for the degeneration of K3 surfaes
with hyperplane setions of genus g, if g > 12. Indeed, by using Notation 3.12, Formula
(12.4) and the fat that G is 3-valent, we get
g + 1 = f =
∑
n
fn and 6(g − 1) = 3v =
∑
n
nfn.
These give ∑
n
(6− n)fn = 12.
If we assume that fn = 0, for n > 6, the last equality gives 2f4+f5 = 12 and so 10f4+5f5 = 60.
This equality, together with 4f4 + 5f5 = 6g − 6 gives g + f4 = 11, i.e. g 6 11.
Complete intersetions. Consider a surfae S ⊂ Pn whih is a general omplete interse-
tion of type (d1, . . . , dn−2). Namely S is dened as the zero-lous
f1 = · · · = fn−2 = 0,
where fi is a general homogeneous polynomial of degree di, 1 6 i 6 n− 2.
One an degenerate any hypersurfae fi = 0 to the union of di hyperplanes. This implies
that S degenerates to a planar Zappati surfae X with global normal rossings, i.e. with
only E3-points as Zappati singularities.
We remark that degenerations of surfaes to good, planar Zappati ones are possible also
when S is projetively Cohen-Maaulay in P4, by some results of Gaeta (see [23℄).
Non-smoothable Zappati surfaes. The results of the previous setions allow us to
exhibit simple planar Zappati surfaes whih are not smoothable, i.e. whih annot be the
entral bre of a degeneration. For example, the planar Zappati surfae X with the graph
of Figure 37 as assoiated graph is not smoothable. Indeed, if X were the entral bre of a
degeneration X→ ∆, then Formulas (8.2) and (8.3) would imply
9 6 K2 6 10,
whih is absurd beause of the lassiation of smooth projetive surfae of degree 5 in P6
(see Theorem 6.18).
•
• •
•
•
Figure 37. A non-smoothable planar Zappati surfae
It is an interesting problem to nd more examples of smoothable Zappati surfaes with
only R3- and En-points, 3 6 n 6 6.
E.g., does there exist a Zappati degeneration with only R3 and En, 3 6 n 6 6, for
Enriques' surfaes?
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Appendix A. Normal, Cohen-Maaulay and Gorenstein properties
The aim of this appendix is to briey reall some well-known terminology and results
onerning normal, Cohen-Maaulay and Gorenstein properties for projetive varieties. These
results are frequently used in Setion 6. In the sequel, the term variety does not imply that
the sheme under onsideration is supposed to be irreduible.
First, we fous on normality onditions.
Denition A.1. An algebrai sheme X is said to be normal if, for eah p ∈ X , the loal
ring OX,p is an integrally losed domain (f. [30℄, pp. 23 and 91).
Reall that if A is a loal ring, with maximal ideal m, the depth of A is the maximal length
of a regular sequene x1, . . . , xr with all xi ∈ m (f. [30℄, page 184).
Reall that, by the theorem of Krull-Serre (see, e.g., [30℄, Theorem 8.22A, page 185), X is
normal at p if, and only if, X is non-singular in odimension one at p and the loal ring OX,p
has the S2-property, i.e. its depth is greater than or equal to 2.
Let X ⊂ Pr be a projetive variety and let
(A.2) I(X) := H0∗ (IX|Pr) =
⊕
n∈Z
H0(IX|Pr(n))
be the saturated ideal assoiated toX in the homogeneous polynomial ring S := C[x0, . . . , xr].
Denition A.3. A projetive variety X ⊂ Pr is said to be projetively normal (with respet
to the given embedding) if its homogeneous oordinate ring
(A.4) Γ(X) := C[x0, . . . , xr]/I(X)
is an integrally losed domain (f. [30℄, pp. 23 and 126).
Reall that projetive normality is a property of the given embedding X ⊂ Pr and not only
of X . Observe also that if X is a projetively normal variety, then it is also irreduible and
normal (see [30℄, page 23).
If X ⊂ Pr is a projetive variety, we denote by
(A.5) C(X) ⊂ Ar+1
the ane one over X having vertex at the origin o ∈ Ar+1. Observe that the homogeneous
oordinate ring Γ(X) in (A.4) oinides with the oordinate ring of the ane one C(X).
We an haraterize projetive normality of a losed projetive variety X ⊂ Pr in terms of
its ane one C(X).
Proposition A.6. Let X ⊂ Pr be a projetive variety and let C(X) be its ane one. Then,
the following onditions are equivalent:
(i) X is projetively normal;
(ii) C(X) is normal;
(iii) C(X) is normal at the vertex o.
Proof. See [26℄, Prop. 7.10, p. 57, and [30℄, p. 147. 
Remark A.7. The above proposition is an instane of a general philosophy whih states
that the properties of the vertex of C(X) are equivalent to global properties of C(X) as well
as of X (f. [26℄, page 54).
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Proposition A.8. Let X ⊂ Pr be a projetive variety and let H be a hyperplane setion of
X. If H is projetively normal, then X is projetively normal.
Proof. It is a trivial onsequene of Krull-Serre's theorem (see, e.g., [26℄, Theorem 4.27). 
Denition A.9. A projetive variety X ⊂ Pr is alled arithmetially normal if the restrition
map
(A.10) H0(OPr(j))→ H
0(OX(j))
is surjetive, for every j ∈ N.
Remark A.11. The surjetivity of the map in (A.10) is equivalent to
(A.12) H1(IX|Pr(j)) = 0, for every j ∈ Z.
This follows from the sequene:
(A.13) 0→ IX|Pr(j)→ OPr(j)→ OX(j)→ 0
and from the ohomology of projetive spaes.
One has the following relationship among the above three notions:
Proposition A.14. X ⊂ Pr is projetively normal if, and only if, X is normal and arith-
metially normal in Pr (f. [30℄, pg. 126, and [62℄).
A fundamental property related to arithmetial normality is the following:
Proposition A.15. If a hyperplane setion H of a projetive variety X is arithmetially
normal, then X is arithmetially normal.
Proof. Consider the following ommutative diagramwith two short exat sequenes of sheaves:
(A.16)
0 OX(j − 1) OX(j) OH(j) 0
0 OPr(j − 1) OPr(j) OPr−1(j) 0
for all j ∈ Z, where the vertial arrows are dened by the usual short exat sequene (A.13).
Diagram (A.16) indues in ohomology the following ommutative diagram:
H0(OX(j))
γj
H0(OH(j))
H0(OPr(j))
αj
δj
H0(OPr−1(j))
βj
for every j ∈ Z, where αj is trivially surjetive and βj is surjetive by hypothesis. The
surjetivity of the omposite map γj ◦ δj = βj ◦ αj fores the surjetivity of γj, but not yet
that of δj. However, we have the injetion:
H1(OX(j − 1)) →֒ H
1(OX(j)),
for every j ∈ Z, whih implies
(A.17) H1(OX(j)) = 0, for eah j,
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beause H1(OX(j)) = 0 for j ≫ 0 by Serre's Theorem. The long exat sequenes in oho-
mology indued by (A.16) then beome:
0 H0(OX(j − 1)) H
0(OX(j)) H
0(OH(j)) 0
0 H0(OPr(j − 1))
δj−1
H0(OPr(j))
δj
H0(OPr−1(j))
βj
0
where we reall that βj is surjetive for all j by hypothesis. The map δj is trivially surjetive
for j 6 0. Sine δj−1 = δ0 is surjetive for j = 1, the map δj = δ1 is surjetive too by
elementary diagram hase. Hene we onlude by indution on j. 
We onsider now Cohen-Maaulay onditions.
Reall that a loal ring (A,m) is said to be Cohen-Maaulay (CM for short) if depth(A) =
dim(A) (see [30℄, page 184). This is equivalent to saying that a zero-dimensional loal ring
is always CM and, if dim(A) > 0, then A is CM if, and only if, there is a non zero-divisor x
in A suh that A/(x) is CM. In this ase, A/(x) is CM for every non-zero divisor x in A (f.
[18℄, [37℄ page 107).
Remark A.18. Let (R,M) be a regular loal ring. Let (A,m) be a loal R-algebra whih
is nitely generated as a R-module. Set c := codimR(A). One has that (A,m) is CM if, and
only if, there is a minimal, free resolution of R-modules
(A.19) F : 0→ Fc → Fc−1 → · · · → F1 → R→ A→ 0,
(f. Corollary 21.16 and the Auslander-Buhsbaum Formula Theorem 19.9 in [18℄).
If (A,m) is CM, then one denes
(A.20) ωA := Ext
c
R(A,R)
to be the anonial module of A (f. Theorem 21.15 in [18℄). Then, the resolution (A.19) is
suh that F∗ is a minimal free resolution of ωA (f. Corollary 21.16 [18℄).
A nitely generated C-algebra B is said to be Cohen-Maaulay (CM for short) if, and only
if, for every prime ideal p of B, Bp is a CM loal ring. This is equivalent to saying that Bp
is a CM loal ring, for every maximal ideal p in B (f. [18℄, Prop. 18.8).
Denition A.21. (f. [30℄, page 185) An algebrai, equidimensional sheme X is Cohen-
Maaulay at a point p ∈ X (CM at p, for short) if OX,p is a Cohen-Maaulay, loal ring. X is
Cohen-Maaulay (CM, for short) if X is Cohen-Maaulay at eah p ∈ X .
We have the following result:
Theorem A.22. Let X ⊂ Pr be an equidimensional projetive variety and let p be a point of
X. Then, the following onditions are equivalent:
(i) X is CM at p;
(ii) eah equidimensional hyperplane setion of X through p is CM at p;
Proof. It diretly follows from the denition of loal, CM rings. 
Denition A.23. A projetive, equidimensional variety X ⊂ Pr is said to be projetively
Cohen-Maaulay (pCM, for short) if the ring Γ(X) as in (A.4) is a Cohen-Maaulay ring.
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Denition A.24. A projetive and equidimensional variety X ⊂ Pr is said to be arithmeti-
ally Cohen-Maaulay (aCM, for short), if X is arithmetially normal and moreover
(A.25) H i(OX(j)) = 0, for every j ∈ Z and 1 6 i 6 n− 1,
where n = dim(X).
Remark A.26. By standard exat sequenes, X is arithmetially Cohen-Maaulay i
(A.27) H i(IX|Pr(j)) = 0, for every j ∈ Z and 1 6 i 6 n.
Remark A.28. For n = 1, Formula (A.25) trivially holds. Thus a urve is arithmetially
Cohen-Maaulay if and only if it is arithmetially normal.
As in Proposition A.6, we have:
Proposition A.29. Let X ⊂ Pr be an equidimensional variety, C(X) ⊂ Ar+1 be the ane
one over X and let o be its vertex. Then, the following onditions are equivalent:
(i) X is pCM;
(ii) C(X) is CM;
(iii) C(X) is CM at o (f. Remark A.7).
Proof. Take Γ(X) as in (A.4). Then, it oinides with the oordinate ring of the ane one
C(X) ⊂ Ar+1. Thus, the laim follows from Proposition 18.8 and Ex. 19.10 in [18℄. 
Proposition A.30. Let X ⊂ Pr be an equidimensional variety. Then:
(i) X is pCM ⇔ X is aCM;
(ii) X is aCM ⇒ X is CM.
Proof. (i) From Proposition A.29, X is pCM i C(X) is CM at o. From [30℄, page 217, Ex.
3.4 (b), this implies that H im(Γ(X)) = 0, for all i < r − c = n, where c = codimPr(X),
n = dim(X), m is the maximal, homogeneous ideal of Γ(X) and, as usual, H im(−) is the loal
ohomology (see [30℄, Ex. 3.3 (a), page 217).
On the other hand, from [18℄, Theorem A4.1,
H im(Γ(X))
∼=
⊕
j∈Z
H i(X,OX(j)).
(ii) Sine X is overed by ane open subsets whih are hyperplane setions of C(X), the
assertion follows from Theorem A.22.

Theorem A.31. Let X ⊂ Pr be an equidimensional losed subsheme in Pr. Then X is aCM
if, and only if, any hyperplane setion H of X not ontaining any omponent of X is aCM.
Proof. It diretly follows from Theorem A.22 and Proposition A.29. 
Proposition A.32. If a urve H, whih is a hyperplane setion of a projetive surfae S, is
arithmetially normal then S is aCM (equiv., pCM).
Proof. To prove that S is aCM, one has to prove that (A.17) holds (see Remark A.28). This
follows by the proof of Proposition A.15. 
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Corollary A.33. Let X ⊂ Pr be a urve. Then:
(i) X is projetively normal ⇒ X is pCM.
(ii) If, furthermore, X is assumed to be smooth, the impliation in (i) is an equivalene.
Proof. By Proposition A.30, X is pCM i is aCM. On the other hand, sine X is a urve, by
Remark A.28 X aCM is equivalent to X arithmetially normal. Therefore, the urve X is in
partiular pCM if, and only if, it is arithmetially normal. Only if X is also smooth, then X
is projetively normal, as it follows from Proposition A.14. 
Proposition A.34. Let X ⊂ Pr be a projetive, equidimensional variety s.t. codimPr(X) = c.
Then, the following onditions are equivalent:
(i) X is pCM;
(ii) the projetive dimension of Γ(X) is equal to c = codimPr(X). In other words, there
is a minimal graded free resolution of Γ(X),
(A.35) 0→ Fc → Fc−1 → · · · → F1 → S → Γ(X)→ 0
where Fi is a free S-module, for 1 6 i 6 c.
Proof. From Proposition A.29, X is pCM if, and only if, Γ(X) is CM. Let S = C[x0, . . . , xr]
be the homogeneous graded polynomial ring whih is a nitely generated algebra over C.
Let M be the homogeneous maximal ideal in S. Sine Γ(X) is a nitely generated graded
S module of nite projetive dimension, then by the Auslander-Buhsbaum Formula in the
graded ase, we have
(A.36) pdS(Γ(X)) = depthM(S)− depthMΓ(X)(Γ(X)) = r + 1− depthMΓ(X)(Γ(X)),
where pdS(Γ(X)) is the projetive dimension of Γ(X) (f. [18℄, Ex. 19.8, page 485).
Thus, ifX is pCM, then Γ(X) is CM and therefore depthMΓ(X)(Γ(X)) = n+1 so, by (A.36),
pdS(Γ(X)) = c = codimPr(X). Conversely, if pdS(Γ(X)) = c, then depthMΓ(X)(Γ(X)) = n+1,
hene C(X) is CM at o. One onludes by Proposition A.29. 
Remark A.37. Observe that the ranks of the free modules Fi, 1 6 i 6 c, do not depend
on the minimal free resolution of Γ(X). In partiular, the rank of Fc in any minimal free
resolution of Γ(X) is an invariant of Γ(X) alled the Cohen-Maaulay type of X .
We now fous on Gorenstein onditions. First, we reall some standard denitions.
Denition A.38. Let (A,m) be a loal, CM ring with residue eld K.
If dim(A) = 0, then A is alled a Gorenstein ring if, and only if,
(A.39) A ∼= HomK(A,K).
If dim(A) > 0, then A is alled a Gorenstein ring if, and only if, there is a non-zero divisor
x ∈ A s.t. A/(x) is Gorenstein. In this ase, for every non-zero divisor x ∈ A, A/(x) is
Gorenstein.
Remark A.40. By using (A.20), (A,m) is Gorenstein if, and only if, ωA ∼= A (f. [18℄,
Theorem 21.15). As in in Remark A.18, this is equivalent to saying that there is a minimal,
free resolution of R-modules
(A.41) F : 0→ Fc → Fc−1 → . . . F1 → R→ A→ 0,
whih is symmetri in the sense that F ∼= F∗. This, in turn, is equivalent to saying that
Fc ∼= R (see Corollary 21.16 from [18℄).
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Observe that, if (A,m) is Gorenstein then, for eah prime ideal p in A, (Ap, pAp) is Goren-
stein. This follows by the above remark and by the atness of loalization (see [18℄, page
66).
Denition A.42. Let K be a eld. Let R be a graded, nitely generated K-algebra.
If dim(R) = 0, then R is alled a Gorenstein graded ring if, and only if, there is an integer
δ suh that
(A.43) R(δ) ∼= HomK(R,K).
If dim(R) > 0, then R is alled a Gorenstein graded ring if, and only if, there is an
homogeneous non-zero divisor x ∈ R suh that R/(x) is Gorenstein.
Remark A.44. Let S = C[x0, . . . , xr+1] be the homogeneous polynomial ring and let I be a
homogeneous ideal, suh that A = S/I is a CM ring. Set c = codimS(A).
Then
(A.45) ωA := Ext
c
S(A, S(−r − 1))
is alled the graded dual module of A. Then, A is Gorenstein if, and only if, there is an
integer δ suh that ωA ∼= A(δ). This is equivalent to saying that there is a minimal, free
graded resolution
(A.46) F : 0→ Fc → Fc−1 → · · · → F1 → S → A→ 0,
whih is symmetri in the sense that F ∼= F∗. This, in turn, is equivalent to saying that there
is an integer γ suh that Fc ∼= S(γ) (see the proof of Corollary 21.16 and 21.11 from [18℄).
Observe also that, if A as above is Gorenstein then, for every prime ideal P in A, (AP , PAP )
is a loal Gorenstein ring.
In omplete analogy with Denition A.21, we have:
Denition A.47. A projetive sheme X is Gorenstein at a point p ∈ X if OX,p is a Goren-
stein, loal ring. X is Gorenstein, if it is Gorenstein at eah point p ∈ X .
Theorem A.48. Let X ⊂ Pr be an equidimensional projetive variety and let p be a point of
X. Then, the following onditions are equivalent:
(i) X is Gorenstein at p;
(ii) eah equidimensional hyperplane setion of X through p is Gorenstein.
Proof. It diretly follows from the denition of loal, Gorenstein rings. 
Denition A.49. A projetive and equidimensional variety X ⊂ Pr is alled projetively
Gorenstein (pG, for short) if its homogeneous oordinate ring Γ(X) is Gorenstein.
In omplete analogy with Proposition A.29, we have:
Proposition A.50. Let X ⊂ Pr be an equidimensional variety, let C(X) ⊂ Ar+1 be the ane
one over X and let o be its vertex. Then, the following onditions are equivalent:
(i) X is pG;
(ii) C(X) is Gorenstein;
(iii) C(X) is Gorenstein at o;
(iv) X is pCM and the dualizing sheaf
(A.51) ωX ∼= OX(a), for some a ∈ Z.
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Proof. We prove the following impliations.
• (i) ⇒ (ii): it diretly follows from what realled in Remark A.44;
• (ii) ⇒ (iii): trivial;
• (iii)⇒ (i): X is pCM from Proposition A.29. Now, let
F : 0→ Fc → Fc−1 → . . . F1 → S → Γ(X)→ 0
be a graded, minimal free resolution of Γ(X). By loalizing F at the homogeneous
maximal ideal M one still obtains a minimal free resolution. The assertion follows by
Remarks A.40 and A.44.
• (iv) ⇔ (i): it diretly follows from the denition of dual module (see (A.45)) and the
denition of dualizing sheaf.

Remark A.52. Observe that, if X is pG then C(X) is Gorenstein, hene X is Gorenstein,
sine it is an equidimensional hyperplane setion of its ane one.
Clearly, by Adjuntion Formula and by Theorem A.31 and Proposition A.50, if X is pG,
then eah hyperplane setion H of X not ontaining any omponent of X is pG. Conversely:
Proposition A.53. Let X be an equidimensional, projetive variety. If a equidimensional
hyperplane setion H of a projetive variety X is pG, then X is pG too.
Proof. It diretly follows from Theorem A.48 and Proposition A.50. 
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